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Abstract. Here we explore the properties of Intrinsic Flat convergence, proving a num- 
ber of theorems relating it to Gromov-Hausdorff convergence and proving new Gromov- 
Hausdorff and Intrinsic Flat compactness theorems including the Tetrahedral Compactness 
Theorem. We introduce the sliced filling volume and related notions which are continuous 
under intrinsic flat convergence and can be applied to prevent the disappearance of points 
in the limit. An Arzela-Ascoli Theorem is proven as well. 

This is a preliminary preprint covering everything presented at MIT on Feb 15, 2011 as 
well as additional material added through August 2012. Many more results still need to be 
texed. Everything stated here has been proven in complete detail here and may be applied 
by those who need the results. 



1. Introduction 

The Intrinsic Flat distance between Riemannian manifolds has been applied to study 
the stability of the Positive Mass Theorem, the rectifiability of Gromov-Hausdorff limits of 
Riemannian manifolds and smooth convergence away from singular sets. Here we present 
properties of Riemannian manifolds which are conserved under intrinsic flat convergence. 
The initial notion of the intrinsic flat distance and lower semicontinuity of mass and the 
continuity of filling volumes of balls is joint work with Stefan Wenger appearing in lfT9l 
and i20ll . Here we provide more detailed proofs of the properties described in llT9l and 
prove additional properties as well as new compactness theorems. 

The intrinsic flat distance is defined using Gromov's idea of isometrically embedding 
two Riemannian manifolds into a common metric space. Rather than measuring the Haus- 
dorff distance between the images as Gromov did when defining the Gromov-Hausdorff 
distance in ifTOl . one views the images as integral currents in the sense of Ambrosio- 
Kirchheim in fT\ and take the flat distance between them. Wenger's compactness theorem 
states that a sequence of Riemannian manifolds with a uniform upper bound on volume, 
boundary volume and diameter has a converging subsequence Il22l . The limit spaces are 
countably "K"' rectifiable metric spaces called integral current spaces 1201 . In Section 2, we 
review Gromov-Hausdorff convergence, intrinsic flat convergence and a few key theorems 
of Ambrosio-Kirchheim that were never reviewed and applied in ll20l . We also review the 
most important results from |20| that will be applied here. Recall that under intrinsic flat 
convergence thin regions can disappear in the limit and so it is essential for us to understand 
what points disappear and which remain. 

In Section 3 we explore the metric properties of integral current spaces. We describe 
the balls in the spaces, their isometric products, level sets of Lipschitz functions called 
slices, spheres, estimates on the masses of the slices and on the filling volumes of slices 
and spheres. We recall how in prior work of the author with Wenger in 1 19 1, the filling 
volumes of spheres were estimated using contractibility functions much in the style of 
Q and ID. This was applied in lfT9]| to prevent the disappearance of points in the limit 
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because the masses of balls in the limit would be bounded below by the filling volumes of 
spheres. Then we introduce the new notion of a sliced filling volume [Defn 3.20| and prove 
a new Gromov-HausdorfF compactness theorem [Theorem 3.23 1. We then relate the sliced 
filling volumes to a new notion called the tetrahedral property [Defn 3.30 1 and the integral 
tetrahedral property [Defn 336). This provides another Gromov-Hausdorff Compactness 
Theorem [Theorem |3.41| . Here we state the three dimensional version of this theorem: 

Theorem 1.1. Given ro > 0,j3 e (0, 1), C > 0, Vo > 0, If a sequence of Riemannian 
manifolds, M^, has Vo1(M|) < Vq, Diam(Mj^) < Dq and the C,fi tetrahedral property for 
all balls, Bp{r) c M^^, of radius r < r^: 

3pi,P2 & dBp(r) such thatVti,t2 G [(1 —/T)r,(l +ff)r] we have 

M{d(x,y) : x ^ y, x,y e dBp{r) n <9Bp, (fi) n dBpJt2)} e [Cr, oo) 
then a subsequence of the M,- converges in the Gromov-Hausdorff sense. See Figure^ 




Figure 1 . Tetrahedral Property 



In fact this is a noncollapsing compactness theorem, since the volumes of balls are 
bounded below. Later in the paper we will see that these sequences also have intrinsic flat 
limits, the intrinsic flat limits agree with the Gromov-Hausdorfi" limits and thus the limits 
are countable "H^ rectifiable metric spaces. Section 3 closes with the definition of interval 
filling volumes [Defn 3.43| , sliced interval filling volumes [Defn 3.45| and corresponding 
estimates on mass based upon these notions. A short description of the key steps needed 
in the proof of the Tetrahedral Compactness Theorem appears in [17|. 

In Section 4 we begin to examine when sequences of points e M,- disappear under 

T 

intrinsic flat convergence, M, — > Mm. We defining converging and Cauchy sequences 
of points Pi e Mj [Definitions 4.1 and 4.2 1. We prove all points p^a e M^, are limits of 
converging sequences of points p, e M,- and that the diameters are lower semicontinuous 
liminf/^oo Diam(M,) > Diam(Mco) [Theorems |4.3 1 and [45 
that Moo is the the Gromov-Hausdorff limit of regions, A^, within the M,- 
Vol(M„) then Vol(M,- \ M) [Remarkp"?). 



Then we prove Theorem 4.6 



If Vol(M,) ^ 

In the next few subsections we prove the continuity of the sliced filling volumes [The- 



orem 4.20 1, the interval filling volumes [Theorem 4.23| and the sliced interval filling vol- 
umes [Theorem |4.24|. These theorems are built upon the fact that Wenger and the author 



had shown the continuity of the filling volume in lfT9l (reproven here in more detail as 
Theorem |Z46|. We first prove that spheres converge as well as slices of spheres and then 
obtain strong enough estimates on the fillings of the slices of the spheres to prove our 
theorems. 
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We apply the sliced filling volumes to prevent the disappearance of Cauchy sequences of 



points [Theorem 4.27|. This leads to a Bolzano- Weierstrass Theorem (not yet texed) and a 



few Arzela-Ascoli Theorems (the first of which has been texed as Theorem |4.29| l. We also 
improve the compactness theorems mentioned earlier stating that the Gromov-HausdorfF 
and Intrinsic Flat limit spaces agree and are thus countable'?/™ rectifiable spaces. We have 
a (integral) sliced filling compactness theorem [Theorem |4.30| and a tetrahedral compact- 
ness theorem [Theorem |4.31| . This whole section could also be redone with theorems 
corresponding to interval fillings and sliced interval fillings (although this has not yet been 
texed). 

One may recall Wenger's Compactness Theorem: if a sequence of M,- has a uniform 
upper bound of diameter, volume and boundary volume, then a subsequence converges 
in the intrinsic flat sense to an integral current space possibly the zero space f22\. One 
contrast between Wenger's Compactness Theorem and these new compactness theorems, 
is that our limit spaces are never the zero space and so naturally are subjected to far stronger 
hypotheses. It should be noted that Wenger's Compactness Theorem is never applied to 
prove anything in this paper Thus, those who might wish to find a new proof for his 
theorem, could use material found here. Naturally any proof of his compactness theorem 
would have to allow for sequences with disappearing points. 

This paper is still in progress. In addition to inserting the promised Bolzano-Weierstrass 
Theorem and additional Arzela-Ascoli Theorems, there will be sections on the conse- 
quences of continuity and additional slicing convergence theorems. As the author is work- 
ing with other mathematicians on applications of the intrinsic flat convergence to questions 
arising in General Relativity, new properties may also be seen to be necessary and they will 
be proven here. The goal is to include all theorems which require a deep understanding of 
the work of Ambrosio-Kirchheim in this single paper so that they may be verified and ref- 
ereed by experts in that area. Then the applications to General Relativity can be explored 
without requiring everyone to master geometric measure theory. Every theorem stated in 
this preprint has been proven in detail and the proofs are provided here. 

While it is not necessary, students reading this paper are encouraged to read Burago- 
Burago-Ivanov's textbook f2] which provides a thorough background in Gromov-Hausdorff' 
convergence and also to read the authors joint paper with Wenger [20 1. Those who would 
like to understand the Geometric Measure Theory more deeply should read Morgan's text- 
book fT6 \ or Fanghua Lin's textbook (15] and then the work of Ambrosio-Kirccheim [IJ. 
We review all theorems applied in this paper in the review section. 

1.1. Acknowledgements: I am grateful to Lars Andersson, Luigi Ambrosio, Toby Cold- 
ing, Misha Gromov, Gerhardt Huisken, Tom Ilmanen, Jim Isenberg, Blaine Lawson, Paul 
Yang and Shing-Tung Yau for their interest in the Intrinsic Flat distance and invitations to 
visit their universities and to attend Oberwolfach. We discussed many interesting applica- 
tions and I hope this paper provides the properties required to explore these possibilities. 
I appreciate Maria Gordina for assisting with some of the details regarding metric mea- 
sure spaces and always being available when needed. I would especially like to thank the 
doctoral students Jorge Basilio (CUNY), Sajjad Lakzian(CUNY), Raquel Perales (SUN- 
YSB) and Jim Portegies (NYU) for actively participating in the CUNY Geometric Measure 
Theory Reading Group while this paper was being written. Their careful presentations of 
Ambrosio-Kirchheim and deep questions lead to many interesting ideas. 
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2. Review 

In this section we review the Gromov-HausdorfF distance introduced by Gromov in IfTOl . 
then various topics from Ambrosio-Kirchheim's work in |[T|, then intrinsic flat convergence 
and integral current spaces from prior work of the author with Wenger in {2U\ and end with 
a review of filHng volumes which are related to Gromov's notion from |9J but defined using 
the work of Ambrosio-Kirchheim. 

2.1. Review of the Gromov-HausdorfF Distance. First recafl that ip : X 7 is an iso- 
metric embedding iff 

(1) dY(ip{xi),ip(x2)) ^ dxixuxi) Vxi,X2&X. 

This is referred to as a metric isometric embedding in fT3\ and it should be distinguished 
from a Riemannian isometric embedding. 

Definition 2.1 (Gromov). The Gromov -Hausdorjf distance between two compact metric 
spaces (X, dx) and (Y, dy) is defined as 

(2) dcH {X. Y) : = inf 4 {X) ,<p{Y)) 

where Z is a complete metric space, and ip \ X ^ Z and ij/ : Y ^ Z are isometric 
embeddings and where the Hausdorjf distance in Z is defined as 

(3) 4 B) = inf{e > : A c T,{B) and B c T, (A)}. 

Gromov proved that this is indeed a distance on compact metric spaces: dcH {X, F) = 
iff there is an isometry between X and Y. When studying metric spaces which are only 
precompact, one may take their metric completions before studying the Gromov-Hausdorff" 
distance between them. 

Definition 2.2. A collection of metric spaces is said to be equibounded or uniformly 
bounded if there is a uniform upper bound on the diameter of the spaces. 

Remark 2.3. We will write N (X, r) to denote the number of disjoint balls of radius r in a 
space X. Note that X can always be covered by N (X, r) balls of radius 2r. 

Note that Ibnanen's Example of Il20ll of a sequence of spheres with increasingly many 
splines is not equicompact, as the number of balls centered on the tips approaches infinity. 

Definition 2.4. A collection of spaces is said to be equicompact or uniformly compact if 
they are have a common upper bound N (r) such that N (X, r) < N (r) for all spaces X in 
the collection. 

Gromov's Compactness Theorem states that sequences of equibounded and equicom- 
pact metric spaces have a Gromov-Hausdorff converging subsequence flOl. In fact, Gro- 
mov proves a stronger version of this statement in [8Jp 65: CHECK PAGE 

Tlieorem 2.5 (Gromov's Compactness Theorem). If a sequence of compact metric spaces, 
Xj, is equibounded and equicompact, then a subsequence of the Xj converges to a compact 
metric space X^a. 

Gromov also proved the following useful theorem: 

Tlieorem 2.6. If a sequence of compact metric spaces Xj converges to a compact metric 
space Xca then Xj are equibounded and equicompact. Furthermore, there is a compact 
metric spaces, Z, and isometric embeddings ipj : Xj Z such that 

(4) 4 {>fj [Xj,] , ifiaciX^)) < IdcHiXj, X^)^0. 
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This theorem allows one to define converging sequences of points: 
Definition 2.7. We say that xj e Xj converges to Xa, e Xa,, if there is a common space Z 



as in Theorem 2.6 such that ipjixj) — > (fca(x) as points in Z. If one discusses the limits of 
multiple sequences of points then one uses a common Z to determine the convergence to 
avoid difficulties arising from isometrics in the limit space. Then one immediately has 

(5) lim dxXxj, x') = t/x„(-^oo, x^) 

whenever x ; — > Xco and x'. — > x' via a common Z. 



Theorem also allows one to extend the Arzela-Ascoli Theorem: 

Definition 2.8. A collection of functions, fj : Xj — » X'^ is said to be equicontinuous if for 
all e > there exists 5^ > independent of j such that 

(6) fj(BAS.)) c B/,(,)(e) Vx e Xj. 

Tfieorem 2.9. Gromov-Arz-Asc Suppose Xj and X'j are compact metric spaces converg- 
ing in the Gromov-Hausdorjf sense to compact metric spaces Xoo and X'^, and suppose 
fj : Xj Xj are equicontinuous, then a subsequence of the fj converge to a continuous 
function foo : Xoo X'^ such that for any sequence Xj — > x^o via a common Z we have 

fji^Xj) > fcoi^co\ 

In particular, one can define limits of curves C,- : [0, 1] — » Xj (parametrized proportional 
to arclength with a uniform upper bound on length) to obtain curves Cm : [0, 1] — » X^c. 
So that when X, are compact length spaces whose distances are achieved by minimizing 
geodesies, so are the limit spaces X^a. 

One only needs uniform lower bounds on Ricci curvature and upper bounds on diam- 
eter to prove equicompactness on a sequence of Riemannian manifolds. This is a conse- 
quence of the Bishop-Gromov Volume Comparison Theorem fTO|. Colding and Cheeger- 
Colding have studied the limits of such sequences of spaces proving volume convergence 
and eigenvalue convergence and many other interesting properties Q S-Illl. One prop- 
erty of particular interest here, is that when the sequence of manifolds is noncollapsing 
(i.e. is assumed to have a uniform lower bound on volume), Cheeger-Colding prove that 
the limit space is countably 'K'" rectifiable with the same dimension as the sequence lO]. 

Greene-Petersen have shown that conditions on contractibility and uniform upper bounds 
on diameter also suflice to achieve compactness without any assumption on Ricci curva- 
ture or volume Q. Sormani-Wenger have shown that if one assumes a uniform linear 
contractibility function on the sequence of manifolds then the limit spaces achieved in 
their setting are also countably "H'" rectifiable with the same dimension as the sequence. 
Without the assumption of linearity, Schul-Wenger have provided an example where the 
Gromov-Hausdorff limit is not countably '7/™ rectifiable. 1 19 |. The proofs here involve the 
Intrinsic Flat Convergence. 

2.2. Review of Ambrosio-Kircfiiieim Currents on Metric Spaces. In fVji, Ambrosio- 
Kirchheim extend Federer-Fleming's notion of integral currents using DiGeorgi's notion 
of tuples of functions. Here we review their ideas. Here Z denotes a complete metric space. 

In Federer-Fleming currents were defined as linear functionals on differential forms 
||6l . This approach extends naturally to smooth manifolds but not to complete metric 
spaces which do not have differential forms. In the place of differential forms, Ambrosio- 
Kirchheim use DiGeorgi's m + I tuples, ll) e £)'"(Z), 

(7) aj^fn^{f,Ki...nJeD"\Z) 
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where / : X — > R is a bounded Lipschitz function and ;r,- : X — > R are Lipschitz. 

In |[T] Definitions 2.1, 2.2, 2.6 and 3.1, an m dimensional current T e M,„(Z) is defined 
as follows: 

Definition 2.10. On a complete metric space, Z, an m dimensional current, denoted 
T e Mm(Z), is a real valued multilinear functional on 2)'"(Z), with the following required 
properties: 

i) Locality.- 

(8) T(f,7Ti, ...n,„) — if3i € {1, ...m) s.t. Ui is constant on a nbd of{f + 0). 

ii) Continuity ofT with respect to the pointwise convergence of the Uj such that Lip(7r,) < 

1. 

Hi) Finite mass.- there exists a finite Borel measure ji onZ such that 

m ^ 

(9) \T{f, n,,...n,„)\ < Lip(7r,) j |/| dfi V(/, n,,...n„,) e D"\Z). 

Definition 2.11. [\\[Defn 2.6] The mass measure \\T\\ of a current T € M,„(Z), is the 
smallest Borel measure jjL such that 

(10) k(/,;r)| < r \fW V (/,7r) where Lip(7r,) < 1. 
The mass of T is defined 

(11) M{T)^\\T\\{Z)^ ^^d\\T\\. 
In particular 

(12) |r(/,7ri, ...;r,„)| < M{T)\fU Lip(7ri) ■ ■ ■Lip(7r,„). 

Stronger versions of locality and continuity, as well as product and chain rules are 
proven in 1 1 |[Theorem 3.5]. In particular they define T(f,ni, ...,7r,„) for / which are only 
Borel functions as limits of T{fj, ni, 7r,„) where fj are bounded Lipschitz functions con- 
verging to / in L'(£', They also prove 

(13) r(/,7r^(l), ...TTo-im)) = sgn(cr)T(f,ni,...7T„) 
for any permutation, cr, of { 1, 2, ...m}. 

Definition 2.12. [l\[Defn 2.5] The restriction T L w e M„,(Z) of a current T e M„,+k(Z) 
by ak+\ tuple a> - (g, tj , ...t/,) e D''(Z): 

(14) (rLw)(/,7ri,...;r„,) ;= T(f ■ g,Ti, ■■■Tk,n]_, -nm)- 
Given a Borel set. A, 

(15) rLA:=rLw 

where w = 1^ e !D^(Z) is the indicator function of the set. In this case, 

(16) M(T^cj)^\\T\\(A). 

Ambrosio-Kirchheim then define: 

Definition 2.13. Given a Lipschitz map ip : Z ^ Z', the push forward of a current T 6 
M„,(Z) to a current ip#T e M„,(Z') is given in fT\[Defn 2.4] by 

(17) ip#T(f,ni,...nm) := T(f oip,ni °(fi,...7rm ° <p) 
exactly as in the smooth setting. 
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Remark 2.14. One immediately sees that 

(18) ((^#r)L(/,7ri,...7ri)) = (p#(T \-(f o (f,ni o ip, ...nu o ip)) 
and 

(19) ((^#r) L A = (^#r) L Ha) = n{T L (U ° = ^#(7^ L ^-^A)). 
In (2.4) im, Ambrosio-Kirchheim show that 

(20) ||^#r|| < [Lip(^)]"V#||r||, 

so that when if is an isometric embedding 

(21) = ^#||r|| and M(r) = M{ip#T). 
The simplest example of a current is: 

Example 2.15. If one has a bi-Lipschitz map, : R'" — > Z, and a Lebesgue function 
h e L'(A,Z) where A e W" is Borel, then ip#[h'\ e M;„(Z) an m dimensional current in Z. 
Note that 



(22) ip#[h]{f, TTl , ...7T„) = {ho ifiXf O ifi) d{7Tl Olf) A-- - A d{7T„, O (fi) 

JacR" 

where d(ni o ip) is well defined almost everywhere by Rademacher's Theorem. Here the 
mass measure is 

(23) IIWII = hd£,n 
and the mass is 



(24) M([/!])= hdJln,. 

J A 

In im [Theorem 4.6] Ambrosio-Kirchheim define a canonical set associated with any 
integer rectifiable current: 

Definition 2.16. The (canonical) set of a current, T, is the collection of points in Z with 
positive lower density: 

(25) set(T) = {peZ:a,n(||T||,p)>0), 
where the definition of lower density is 

(26) 0„, ifi, p) = hm inf — . 

In im Definition 4.2 and Theorems 4.5-4.6, an integer rectifiable current is defined using 
the Hausdorff measure, '7/'": 

Definition 2.17. Let m > 1. A current, T e £),„(Z), is rectifiable //■set(T) is countably 'H'" 
rectifiable and if\\T\\{A) — Qfor any set A such that 'H'^iA) — 0. We write T e 'R,„(Z). 

We say T e "RmiZ) is integer rectifiable, denoted T e I„{Z), if for any ip e Lip(Z, R'") 
and any open set A e Z, we have (f#(T\_A) = [6] for some 6 e X}(M!^,Z). In fact, T e I,„(Z) 
iff it has a parametrization. A parametrization ({ipi}, {0, )) of an integer rectifiable current 
T e I'" (Z) is a collection of bi-Lipschitz maps ipi \ Ai ^ Z with A; c R™ precompact 
Borel measurable and with pairwise disjoint images and weight functions 0i e L' (A/,N) 
such that 

oo oo 

(27) r = 2^,-#M and M(T) ^ Yj^^'pM ■ 
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A dimensional rectifiable current is defined by the existence of countably many distinct 
points, [xi] e Z, weights 6; e and orientation, cr, e {-1, +1) such that 

(28) T{f) = (Tfiifixi) V/ e S°°(Z). 

h 

where !B°°(Z) is the class of bounded Borel functions on Z and where 

(29) M(r) = ^ 61; < oo 

h 

IfT is integer rectifiable 0, 6 Z^, so the sum must be finite. 
In particular, the mass measure of T € I,„(Z) satisfies 

oo 

(30) lirii = 

1=1 

Theorems 4.3 and 8.8 of fTl provide necessary and sufficient criteria for determining when 
a current is integer rectifiable. 

Note that the current in Example 2.15 is an integer rectifiable current. 

Example 2.18. If one has a Riemannian manifold, M'", and a biLipschitz map ip : M™ 
Z, then T — <p#[Im] is an integer rectifiable current of dimension m in Z. Ifip is an isometric 
embedding, and Z-M then M(r) = Vol(M"'). Note further that set(T) = ipiM). 

If M has a conical singularity then set(T) = i^(M). However, if M has a cusp singularity 
at a point p e M then set(T) = (p(M \ {p)). 

Definition 2.19. i^[Defn 2.3] The boundary ofT e M,„(Z) is defined 

(31) dT(f,nu...n„,-i) r(l,/,7ri, ...7r^_i) G M^_i(Z) 
When m — 0, we set dT — 0. 

Note that (p#(dT) = d((p#T). 

Definition 2.20. il\[Defn 3.4 and 4.2] An integer rectifiable current T e ImiZ) is called 
an integral current, denoted T e Im(Z), ifdT defined as 

(32) dT {f,7Tx,...n,n-\) T {\, f,ni, ...n„,-]) 
has finite mass. The total mass of an integral current is 

(33) N(r) = M(r) + M{dT). 

Observe that ddT = 0. In IjJ Theorem 8.6, Ambrosio-Kirchheim prove that 

(34) 5:I,„(Z)^I,„_i(Z) 



whenever m > 1. By (20 1 one can see that \f ip :Z\ — > Z2 is Lipschitz, then 

(35) ip# : I„,(Zi) ^ I„,(Z2). 

Remark 2.21. If T is an integral current then dT is an "H" integer rectifiable current 
so H — setdT must be finite and Op,^ = \\dT\\{pf,) e for all p e H and 

(36) dT(f) = 2 cTHOhfiph) V/ e S°°(Z). 

heH 

as described above. In addition, we have 

(37) o = r(i,i) = 5r(i) = 2cr,A. 

heH 
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Example 2.22. IfT is an'H^ rectifiable current then 

CO 

(38) r = 2tr,ft^,#|^Aj 



/=i 

where 6, e Z^, cr,- e {+1,-1) and Ai is an interval with Aj — [ai,bi] because all Borel sets 
are unions of intervals and all integer valued Borel functions can be written up to Lebesgue 
measure as a countable sum of characteristic functions of intervals. One might like to 
write: 

(39) 5r(/) = ^tr,0,(/(^,(^,))-/(^,(fl/))) -ifeB^iZ). 

i 

This works when the sum happens to be a finite sum. Yet if T is a infinite collection of 
circles based at a common point, (0, 0) e R^, defined with ct; = 10, = 1, A,- = [0, n] and 

(40) <fiis) = (r, cos(s) + ri, riSm{s))for i odd and 

(41) (fi(s) = {riCOs{s + n) + ri,riSin{s + n)) for i even 

where r2i — /"2i-i — ^/i then 

(42) (^,(fl,) = (2r/, 0) and (pi(bi) — (0,0) for i odd and 

(43) (pi(ai) - (0,0) and (pi(bi) - (2ri,0) for i even. 

So when f(0, 0) — I, we end up with an infinite sum whose tenuis are all +1 and — I. 

2.3. Review of Ambrosio-Kirchheim Slicing Theorems. As in Federer-Fleming, Ambrosio- 
Kirchheim consider the slices of currents: 

Theorem 2.23. [Ambrosio-Kirchheim] fl\[Theorems 5.6-5.7] Let Z be a complete metric 
space, T € I,„Z and f ; Z — > R a Lipschitz function. Let 

(44) <T,f,s>:^d[T^f-^ (-oo, s])) - (dT) L (-oo, s]) , 
so that set(< T, f, s >) c (set(T) U set(aT)) n r '(s), 

(45) d<T,f,s>^<-dT,f,s> 

and < T\ + T2,f,s >—< Ti,f,s > + < T2,f,s >. Then for almost every slice 5 e R, 
< T,f, s > is an integral current and we can integrate the masses to obtain: 

(46) r M(< T, f, s>)ds^ M(T L df) < Up(f) M(T) 

JseR 

where 

(47) (rLflf/)(/2,7r,,...,;r„,_i) = T(h, f,7i,, ...n^_,). 
In particular, for almost every s > one has 

(48) T^f-\-^,s]e\,„^,(Z). 
Furthermore for all Borel sets A we have 

(49) <T^A,f,s>^<T,f,S > ^A 
and 

(50) r \\<T,f,s>\\(A)ds^\\T^df\\(A). 

JseR 
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Remark 2.24. Observe that for any T e I,„(Z'), and any Lipschitz functions, ip : Z ^ 
and f : Z' ^ M. and any s > 0, we have 

(51) <^#T,f,s> = 5((^#r)L.r'(-cx,,i]))-(5^#r) Lr'(-cx,,^]) 

(52) = d{MT^'P''(r'(-c^,s])))-(,p#dT)^f-'(-oo,s]) 

(53) = 5(^#(rL(/o^)-'(-cx,,,]))-^#(5rL^-'(rl(-cx,,5]))) 

(54) = [ip#d(T^(fo<p)-U-^,s]))-<p#{dT^(fo>f)-'(-^,s])) 

(55) = ^#<T,(foip),s> 

Remark 2.25. Ambrosio-Kirchheim then iterate this definition, /; : Z — > R, i,- € R, 
define iterated slices: 

(56) < T,fi,...,ft,si,...,Sk >=« T, f,-,fk-i,si,-,Sk-\ >Jk,Sk >, 

so that 
(57) 

< 7^1 + T2,f\,-Jk,si,...,Sk >=< T]_,fi,...,fi,,s\,...,Sk > + < T2,f\,...,fk,s\,...,Sk > 
In im Lemma 5.9 they prove, 

(58) < T,fi,...,fk,S]_,-,Sk >=« T,fi,...,f,su-,Si >,fi+i,...,fk,Si+i,...,Sk > . 
In ^ (5.9) they prove. 



(59) II < T,fu-Jk,su-,Sk > \\dsi...dsk = ||rL(l,/i,...,/,)||, 
where 

(60) iT\_df)(h,7ri,...,n„_k) = T(h, fi, ...,fk,nu ■.■7T„t-k), 
so 

(61) M«T,fu-.fk,su...,Sk>)J:'' ^M(T^df)<r\Up(fj)M(T). 

In im (5.15) they prove for any Borel set A C Z and X'" almost every (si , ...Sk) G R'^, 

(62) <T\_A,fi,...,fk,su..;Sk>^<t,fi,.:,fk,si,...,Sk> lA. 
ant/ 

(63) r ||<r,/i,...,/,,ii,...,i, >||(A)fl'i = ||rLfl'/||(A). 

J.seR'' 

By ( |64p one can easily prove by induction that 

(64) d<T,fu-,fk,su:;Sk >^(-lf <dT,fu...,fk,su-,Sk > ■ 
In im Theorem 5. 7 they prove 

(65) <T,fu-,fk,su-,Sk >e WZ). 



for Js almost every {s\, Sk) e R . By Remark 2.24 one can prove inductively that 



(66) < (p#T,fu ...fk,sx,...Sk >= 9?# < T,fi o ^, o ip,si,...,Sk > • 
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2.4. Review of Convergence of Currents. Ambrosio Kirchheim's Compactness The- 
orem, which extends Federer-Fleming's Flat Norm Compactness Theorem, is stated in 
terms of weak convergence of currents. See Definition 3.6 in |1| which extends Federer- 
Fleming's notion of weak convergence except that they do not require compact support. 

Definition 2.26. A sequence of integral currents Tj e I„ (Z) is said to converge weakly to 
a current T iff the pointwise limits satisfy 

(67) lim Tj {f,nu...n,„) = T {f,nx,...n„) 

for all bounded Lipschitz f : Z ^ M. and Lipschitz tti : Z ^ R. We write 

(68) Tj T 
One sees immediately that Tj — > T implies 

(69) dTj dT, 

(70) ip#Tj (p#T 
and 

(71) r,L(/,;ri,...,7r,)^rL(/,;ri,...,;r,). 

However Tj L A need not converge weakly to Tj L A as seen in the following example: 

Example 2.27. Let Z = R^ with the Euclidean metric. Let ipj : [0, 1] — > Z be fj(t) = 
(l/f t) and <poc(t)^ (0, t). Lets eli([0, 1]) be 

(72) 5(/,;ri)= f fdnl 

Jo 

Let Tj e Ii(Z) be defined Tj = ipj#(S). Then Tj — > Too. Taking A — [0, 1] x (0, 1), we see 
that L A = Tj but T^\_A=0. 

Immediately below the definition of weak convergence lHJ Defn 3.6, Ambrosio-Kirchheim 
prove the lower semicontinuity of mass: 

Remark 2.28. IfTj converges weakly to T, then liminfj^„ M(Tj) > M(r). 

Tlieorem 2.29 (Ambrosio-Kirchheim Compactness). Given any complete metric space Z, 
a compact set K <Z Z and Aq, Vq > 0. Given any sequence of integral currents Tj e I,„ (Z) 
satisfying 

(73) M(Tj) < Vo, M(dTj) < Aq and set (Tj) c K, 

there exists a subsequence, Tj., and a limit current T e 1^ (Z) such that Tj. converges 
weakly to T. 

2.5. Review of Integral Current Spaces. The notion of an integral current space was 
introduced by the author and Stefan Wenger in |20|: 

Definition 2.30. An m dimensional metric space (X, d, T) is called an integral current 
space if it has a integral current structure T e I„, {x^ where X is the metric completion of 
X and set(T) = X. Given an integral current space M — iX, d, T) we will use set (M) or 
Xm to denote X, dM — d and [Mj — T. 

Note that set (dT) c X. The boundary of(X, d, T) is then the integral current space: 

(74) d {X, dx, T) := (set (5T) , dx, 5T) . 

If dT — then we say (X, d, T) is an integral current without boundary. 
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Remark 2.31. Note that any m dimensional integral current space is countably "7/"' rectifi- 



able with orientated charts, (fi and weights Oj provided as in {27). AO dimensional integral 
current space is a finite collection of points with orientations, cri and weights 0, provided 
as in (|2(Sp. If this space is the boundary of a \ dimensional integral current space, then as 



in Remark \2.21\ the sum of the signed weights is 0. 

Example 2.32. A compact oriented Riemannian manifold with boundary, M"\ is an inte- 
gral current space, where X — M™, d is the standard metric on M and T is integration 
over M. In this case M(M) = Vol(M) and dM is the boundary manifold. When M has no 
boundary, dM - 0. 

Definition 2.33. The space of m > dimensional integral current spaces, M"\ consists 
of all met ric sp aces which are integral current spaces with currents of dimension m as in 



Definition 2.30 as well as the spaces. Then d : Al™^ M 



Remark 2.34. A dimensional integral current space, M — (X, d, T), is a finite collection 
of points, [p\, pi^], with a metric djj — d(pi,pj) and a current structure defined by 
assigning a weight, 0; e Z^, and an orientation, cri e { + 1,-1) to each pi e X and 

N 

(75) M(M) = ^0,.. 



IfM is the boundary of a 1 dimensional integral current space then, as in Remark \2.21\ we 
have 

N 

(76) Yj = 
In particular N > 2 if M ^ 0. 

2.6. Review of tlie Intrinsic Flat distance. The Intrinsic Flat distance was defined in 
work of the author and Stefan Wenger fScF] as a new distance between Riemannian mani- 
folds based upon the work of Ambrosio-Kirchheim reviewed above. 

Recall that the flat distance between m dimensional integral currents S,T e I,„ (Z) is 
given by 

(77) df {S, T) := inf{M {U) + M{V) : S - T ^ U + dV] 

where U G I,„ (Z) and V e I,„+i (Z). This notion of a flat distance was first introduced by 
Whitney in 1231 and later adapted to rectifiable currents by Federer- Fleming |6|. The flat 
distance between Ambrosio-Kirchheim's integral currents was studied by Wenger in |21 1. 
In particular, Wengr proved that if Tj e I„,(Z) has M(Tj) < Vq and MidTj) < Aq then 

(78) Tj-^Tiffdl{Tj,T)^Q 

exactly as in Federer-Fleming. 

The intrinsic flat distance between integral current spaces was first defined in ll20l FDefn 
1.1]: 

Definition 2.35. For Mi - {Xudi,Ti) and M2 - {X2,d2, T2) e AV" let the intrinsic fiat 
distance be defined: 

(79) driMuM2) inf dj(<fii#TuV2#T2) , 

where the infimum is taken over all complete metric spaces (Z, d) and isometric embeddings 
(fi : (Xi , ^ — » (Z, d) and (f2 '. {X2, (^2) ~> (Z, d) and the fiat norm dp is taken in Z. Here X, 
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denotes the metric completion ofXi and di is the extension of di on Xi, while (f>#T denotes 
the push forward ofT. 

In II20I . it is observed that 

(80) dr (Ml ,M2)<dr (Mj ,0) + dr (0, M2) < M (Mj ) + M (M2) . 

There it is also proven that df- satisfies the triangle inequality ll20l [Thm 3.2] and is a 
distance: 

Theorem 2.36. [20 \[Thm 3.27] Let M, N be precompact integral current spaces and sup- 
pose that df (M,N) — 0. Then there is a current preserving isometry from M to N where 
an isometry f : Xm Xf^ is called a current preserving isometry between M and N, if its 
extension f ; X^^ — > Xf^ pushes forward the current structure on M to the current structure 
on N: f#TM = 

In II20I Theorem 3.23 it is also proven that 

Theorem 2.37. [20\[Thm 4.23 ] Given a pair of precompact integral current spaces, M'" — 
(Xi,di,Ti) and M'2 — (X2,d2,T2), there exists a compact metric space, (Z,dz), integral 
currents U 6 Imi^) <^nd V e I,„+i (Z), and isometric embeddings tpi : X\ ^ Z and 
ip2'.X2^Z with 

(81) nTi-ip'#T2^U + dv 
such that 

(82) £/r(Mi,M2) =M(f/)+M(y). 
Remark 2.38. The metric space Z in Theorem \2.37\ has 

(83) Diam(Z) < 3 Diam(Xi) + 3 Diam(X2). 

This is seen by consulting the proof of Theorem 3.23 in |20|, where Z is constructed as the 
injective envelope of the Gromov-Hausdorff limit of a sequence of spaces Z„ with this same 
diameter bound. 

The following theorem in ll20l is an immediate consequence of Gromov and Ambrosio- 
Kirchheim's Compactness Theorems: 

Theorem 2.39. Given a sequence of m dimensional integral current spaces M j - {Xj,dj,T ^ 
such that Xj are equibounded and equicompact and with uniform upper bounds on mass 

and boundary mass. A subsequence converges in the Gromov-Hausdorff sense (Xj.,dj.^ — > 

(Y, dy) and in the intrinsic fiat sense (Xj.,dj., Tj^ {X, d, T) where either (X, d, T) is an 
m dimensional integral current space with X <zY or it is the current space. 

Immediately one notes that if Y has Hausdorfi" dimension less than m, then {X, d, T) - 0. 
In II20I Example A. 7, there is an example where Mj are compact three dimensional Rie- 
mannian manifolds with positive scalar curvature that converge in the Gromov-Hausdorff 
sense to a standard three sphere but in the Intrinsic Flat sense to 0. It is proven in |fT9l . that 
if (Xj,dj,Tj) are compact Riemannian manifolds with nonnegative Ricci curvature or a 
uniform linear contractibility function, then the intrinsic flat and Gromov-Hausdorff limits 
agree. 

There are many examples of sequences of Riemannian manifolds which have no Gromov- 
Hausdorff limit but have an intrinsic flat limit. The first is Ilmanen's Example of an in- 
creasingly hairy three sphere with positive scalar curvature described in [201 Example A. 7. 
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Other examples appear in work of the author with Dan Lee concerning the stability of the 
Positive Mass Theorem lfT3l lfT4l and in work of the author with Sajjad Lakzian concerning 
smooth convergence away from singular sets 1 12 1. 

The following three theorems are proven in work of the author with Wenger 1201 . Com- 
bining these theorems with the work of Ambrosio-Kirchheim reviewed earlier will lead to 
many of the properties of Intrinsic Flat Convergence described in this paper: 

Theorem 2.40. flQUThm 4.2] If a sequence of integral current spaces Mj — {Xj, dj, 
converges in the intrinsic fiat sense to an integral current space, Mq — (Xo,dQ, Tq), then 
there is a separable complete metric space, Z, and isometric embeddings ipj : Xj ^ Z such 
that (pj#Tjflat converges to (Pq#Tq in Z and thus converge weakly as well. 

Theorem 2.41. llQUThm 4.3] If a sequence of integral current spaces Mj — (Xj, dj, Tj^ 
converges in the intrinsic flat sense to the zero integral current space, 0, then we may 
choose points Xj € Xj and a separable complete metric space, Z, and isometric embeddings 
(pj : Xj ^ Z such that (fijixj) — zo & Z and ipj#Tjfiat converges to in Z and thus converges 
weakly as well. 

Theorem 2.42. If a sequence of integral current spaces Mj converges in the intrinsic fiat 
sense to a integral current space. Moo, then 

(84) Um inf M(M,) > M{M^) 



Proof. This follows from Theorems 2.40 a nd | 2.41 combined with Ambrosio-Kirchheim's 
lower semicontinuity of mass [c.f. Remark 2.42| . □ 

Finally there is Wenger's Compactness Theorem ll22l : 

Theorem 2.43 (Wenger). Given Aq, Vq, A) > 0. If Mj - (Xj,dj, Tj) are integral current 
spaces such that 

(85) Diam(M;) < Dq M(Mj) < Vq M{d(Mj)) < A,, 

then a subsequence converges in the Intrinsic Flat Sense to an integral current space of the 
same dimension, possibly the space. 

Recall that this theorem appUes to oriented Riemannian manifolds of the same dimen- 
sion with a uniform upper bound on volume and a uniform upper bound on the volumes 
of the boundaries. One immediately sees that the conditions required to apply Wenger's 
Compactness Theorem are far weaker than the conditions required for Gromov's Compact- 
ness Theorem. The only difficulty lies in determining whether the limit space is or not. 
Wenger's proof involves a thick thin decomposition, a study of filling volumes and uses 
the notion of an ultralimit. 

It should be noted that Theorems 12.401 and ?? and all other theorems reviewed and 
proven within this paper are proven without applying Wenger's Compactness Theorem. 
Thus one may wish to attempt alternate proofs of Wenger's Compactness Theorem using 
the results in this paper 

2.7. Review of Filling Volumes. The notion of a filling volume was first introduced by 
Gromov in |9|. Wenger studied the filling volumes of integral currents in metric spaces in 

First we discuss the Plateau Problem on complete metric spaces. Given a integral cur- 
rent T e I,„Z, one may define the filling volume of dT within Z as 

(86) FillVolz(r) = inf{M(5) : S e I„(Z) s.t. dS = dT). 
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This immediately provides an upper bound on the flat distance: 

(87) dfidT, 0) < FillVolz(5T) < M(T) 

Ambrosio-Kirchheim proved this infimum is achieved on Banach spaces, Z Q [Theo- 
remlO.2]. 

Wenger defined the absolute filling volume of T e I„,Y to be 

(88) FillVoloo(5r) = inf{M(5) : S e IJZ) s.t. dS = ip#dT} 

where the infimum is taken over all isometric embeddings : F — > Z, all complete metric 
spaces, Z, and all S e Im(Z) such that dS - (p#T. Clearly 

(89) FillVol„(5r) < FillVolF(5r). 

He proved that this infimum is achieved and via the Kuratowski Embedding Theorem, this 
is achieved on a Banach space, Z ETI . 

Here we will use the following notion of a filling of an integral current space: 

Definition 2.44. Given an integral current space M — (X, d, T) e A1'" with m > I we 
define 

(90) FillVol(5M) := inf{M(A^) : N e M'"+' and dN = dM}. 

That is we require that there exists a current preserving isometry from dN onto dM, where 
as usual, we have taken the metrics on tlie boundary spaces to be the restrictions of tlie 
metrics on the metric completions ofN and M respectively. 

It is easy to see that 

(91) FillVol(5M) < M(M). 
and 

(92) dridM, 0) < FiUVol(5M) < M(M) 
for any integral current space M. 

Remark 2.45. The infimum in the definition of the filling volume is achieved. This may 
be seen by imitating the proof that the infimum in the definition of the intrinsic fiat norm 
is attained in II20I . Since the N achieving the infimum has dN + 0, the filling volume is 
positive. 

Any integral current space, M - {X, d, T), is separable and so one can map the space 
into a Banach space, Z, via the Kuratowski Embedding theorem, t : X — > Z. By Ambrosio- 
Kirchheim's solution to the Plateau problem on Banach spaces |[D[Prop 10.2], 

(93) FillVol((9M) < FillVolz(^#(5r) < Diam(X)M(5r) Diam(M)M(5M). 

Wenger proved that the filling volume is continuous with respect to weak convergence 
(and thus also intinsic flat convergence when applying Theorem 2.40 1. Here we provide a 
precise estimate which will be needed later in the paper: 

Theorem 2.46. For any pair of integral current spaces, M,, we have 

(94) FillVol(5Mi) < FiUVol(5M2) + dr(Mi , Mj). 
and 

(95) FiUVol(5Mi) < FillVol(5M2) + (1 + 3 Diam(Mi) + 3 Dmm{M2))dr(dMudM2). 
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Proof. This can be seen because Theorem 2.37 and Remark 2.38 imply that there exists 
integral current spaces A, B such that and isometric embeddings, (/?, : M, — > Z, such that 

(96) iP\#Mi - (p2#M2 - dB + A 
where 

(97) driMi , M2) = M(A) + M(B) 
In particular 

(98) 'P\#dMi - ip2#dM2 = dA 

Next we need to fill in dM2 and glue that integral current space to A. Add details. 

Next observe that there exists integral current spaces M3, M4 and isometric embeddings, 
(fii : Mi — > Z', such that 

(99) <PwdMi - ip2#dM2 = (p3#dM3 + (p4#M4 
where 

(100) dridMi , 5M2) = MiM^) + MiM^). 



By Remark 2.38 



(101) Diam(M3),Diam(M4) < 3 Diam(Mi) + 3Diam(M2). 
In im Theorem 10.2, it is proven that 

(102) FillVol(M4) < Diam(M4)M(M4). 

So if we glue the integral current spaces, A^,, which achieve the filling volume of M, for 
i = 2,4, to M3 as needed, then we see that 

(103) FillVol(5Mi) < FillVol(5M2) + M(M3) + FillVol(M4) 

(104) < FillVol(5M2) + M(M3) + Diam(M4)M(M4) 

(105) < FillVol(5M2) + (Diam(M4) + 1)(M(M3) + M(M4)) 

and we have our second claim. □ 



Remark 2.47. Gromov's Filling Volume in |I9| is defined as in {90 \ where N"^^ must be 



a Riemannian Manifold. Thus it is conceivable that the filling volume in Definition 2.44 



might have a smaller value both because integral current spaces have integer weight and 
because we have a wider class of metrics to choose from, including metrics which are not 
length metrics. 

3. Metric Properties of Integral Current Spaces 

In this section we prove a number of properties of integral current spaces as well as a 
new Gromov-Hausdorff" Compactness Theorem. 

3.1. Balls. Many theorems in Riemannian geometry involve balls, 

(106) B{p, r)^{xeX: dx(x, p) < r] B(p, r) ^ \x e X : dx(x, p) < r). 

Lemma 3.1. A ball in an integral current space, M — (X, d, T), with the current restricted 
from the current structure of the Riemannian manifold is an integral current space itself, 

(107) S{p,r)^ (set(T L B(p, r)), d, T L B (p, r)) 
for almost every r > 0. Furthermore, 

(108) B{p,r) c set(S(p,r)) c B(p,r) c X. 
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Proof. We first show that S(p,r) - T L B(p, r) is an integer rectifiable current. Let pp : 
X — » R be the distance function from p. Then by Ambrosio-Kirchheim's SHcing Theorem, 

(109) d{T^B(p,r)) = d{T ^p-\-oc,r)) 

(110) = <T,pp,r>+{dT)^p-\-^,r) 

(111) = <T,pp,r> +(dT)^B(p,r) 

where the mass of the shce < T,pp,r > is bounded for almost every r. Thus 

(112) M{d(T^B{p,r))) < M(<T,pp,r>) + M((dT)^B(p,r)) 

(113) < M(<T,pp,r>) + M((dT)<oo. 

So S (p, r) is an int egral current in X for almost every r. 
Next we prove ( 108 i. We know x e set(S(p,r)) c X iff 

(114) < liminf 

J->0 (Dm 5™ 

(115) - liminf 

If X e B(p, r) c X, then eventually B(x, s) c B(p, r) and the liminf is just the lower density 
of T at X. Since x e X = set(T), this lower density is positive. If x e X \ X, then the liminf 
is because it is smaller than the density of T at x, which is 0. If x i B{p, r), then the 
liminf is because eventually the balls do not intersect. □ 

One may imagine that it is possible that a ball is cusp shaped when we are not in a 
length space and that some points in the closure of the ball that lie in X do not lie in the set 
of S (p, r). In a manifold, the set of S (p, r) is a closed ball: 

Lemma 3.2. When M is a Riemannian manifold with boundary 

(116) S (p,r) ^[B(p,r),d,T^B(p,r)) 
is an integral current space for all r > 0. 

Proof. In this case, 

(117) d(T^B(p,r)){f,nu-,n,n) = (r L B(p, r))(l,/,7ri, ...,7r„) 

(118) = T{XB{p,r),f,T^\,-,T^m) 



(119) 



I XB{p,r)df A c/tti A ■ ■ ■ A dn„, 
Jm 



(120) = I df Adni A--- Adn„, 

JB(p,r) 

(121) = I df Ad-Kx A-- - Adn„, 

JB(p,r) 

(122) = I f dn\ A ■ ■ ■ A diTin 

JdB(p,r) 

So M{d{T^B{p,r))) = Vol,„_i(5Bp(r)) < co. 



To see that B{p,r) c M is set(S(p,r)), we refer to ( |114| . If d{x,p) - r, then let y 
[0, r] ^ M be a curve parametrized by arclength running minimally from x to p. Then 

(123) B{j{sl2), s/2) c B{x, s) n B{p, r). 
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and 

(124) UminfM^^i^*^ = ,^,^\\n(B(P, r) n BM) 

j-»0 corns'" s-»0 turns'" 

(125) . liini„f™2<£/?^ 

s->0 a>„s'" 

(126) > i^,,fVoW(^/2X^/2),lZ2 

s^o 2'"a)„is/2)'" T" 

because in a manifold with boundary, we eventually lie within a half plane chart where all 
tiny balls are either uniformly close to a EucUdean ball or half a Euclidean ball. □ 



Example 3.3. There exist integral current spaces with balls that are not integral current 
spaces. 

Proof. Suppose we define an integral current space, {X, d, T) where X = with the fol- 
lowing generaUzed metric 

(127) g = dr^ + (cos(r)/r^)W r € [-nil, n/2]. 

The metric is defined as 



(128) dipuP2)=i^{Lgiy): 7(0) =puyW= Pi) 

where 



1 

1/2, 



(129) Lg(y)= g{y'{t\y'{t)y''dt 

Jo 

as in a Riemarmian manifold. In fact this metric space consists of two open isometric 
Riemannian manifolds diffeomorphic to disks whose metric completions are glued together 
along corresponding points. The current structure T is defined by 



n 

nil Js' 

I fdn\ A • • • A dum +1 I / dn\ A • • • A dn„ 

Tt/lJS^ Jo J51 



(130)r(/,7ri,...,7r„) = I ( fdniA---Adn, 

n/2 

(131) 

n/2 JS 

SO that 



(132) MiT) = VoU(r"'L-7r/2,0)) + Vol,„(r"'(0,;r/2J) < 00 

and 5r = 

Setting p such that r(p) = -njl we see that S (p, n/2) is a rectifiable current but its 
boundary does not have finite mass. This can be see by taking q such that (riq), 6{q)) = 
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(0, 0), setting ni - pq and f - pp - r + nil and observing that 



(133) 
(134) 

(135) 

(136) 

(137) 

(138) 



\d(S{p,nl2)){f,n, 



\S{p,7ll2){\J,7I,)\ 

I df /\ dn 

Jb(p,„I2) 

/ 



lB(p,7r/2-S) 



df A djT] 



I fdTTl 

JdB(p,7T/2-S) 



Je=-7i 

/'<' 

J0=-7T 



cos(r) 
/2 - 6) — ^- d0 



cos(-(5) 



(139) > 2n{jil2-S) 

which is unbounded as we decrease (5 to 0. □ 

Remark 3.4. Note that the outside of the ball, (M \ B(p,r),d,T — S(p,r)), is also an 
integral current space for almost every r > 0. 

3.2. Isometric Products. One of the most useful notions in Riemannian geometry is that 
of an isometric product M x / of a Riemannian manifold M with an interval, /. endowed 
with the metric 



(140) dMxii{puh),(p2,t2))^ ^jdMipuPi^ + \ti -f2p- 

We need to define the isometric product of an integral current space with an interval: 

Definition 3.5. The product of an integral current space, M'" — (X, dx, T), with an interval 
If, denoted 



(141) 



where dxxi, i-^ defined as in ( 140 \ and 



(142) (rx/,)(/,;ri,...,7r,„+i) 



Mxl ^(XxIf,dxxi,,TxI,) 

dTTj 



dt 



^It, ■■■,^{m+'l)t] dt 



where h, : X ^ W is defined h,{x) — h(x, t)for any h : X X ^ 
(143) (tti,, ...,7r,Y, ...,:7r(m+i),) - (tti,, 712;, 7r(,-_i),, 7r(,+i),, 



I and where 

1)(). 



We prove this defines an integral current space in Proposition 3.7 below. 

Remark 3.6. This is closely related to the cone construction in Defn 10.1 o/Ul, however 
our ambient metric space changes after takin g the product and we do not contract to a 
point. Ambrosio-Kirchheim observe that ( 142 i is well defined because for X' almost every 
t e. If the partial derivatives are defined for \\T\\ almost every x € X. This is also true 
in our setting. The proof that their cone construction defines a current |1 1 Theorem 10.2, 
however, does not extend to our setting because our construction does not close up at a 
point as theirs does and our construction depends on e but not on the size of a bounding 
ball. 
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Proposition 3.7. Given an integral current space M — {X, d, T), the isometric product 
Mxlg is an integral current space such that 

(144) M(M X I,) = eM(M) 

and such that 

(145) d{T X 4) = {dT) xI, + Tx dl,. 
where 

(146) TxdI:=it>e#T-4>mT 
where ij/t : X X x 1^ is the isometric embedding tptix) = (x, t). 

Proof. First we must show T x 1^ satisfies the three conditions of a current: 

Multilinearity follows from the multilinearity of T and the use of the alternating sum in 

the definition ofTxI. 

To see locality we suppose there is a tt,- which is constant on a neighborhood of {/ ?t 0}. 

Then dnt/dt = on a neighborhood of {/ 5^ 0} so the term in the sum is 0. Since for all 

t e 4, 7r,Y is constant on a neighborhood of {/, i= 0} the rest of the terms are as well by 

the locality of T. 

To prove continuity and finite mass, we will use the fact that T is integer rectifiable. 
In particular there exists a parametrization as (pi : A,- c R" — > X and weight functions 
Oi G LHAi,N) such that 

OO 

(147) T = Yjmm. 

k=l 

So (Txl,)(f,nu...,n„+i) = 

m+1 oo , 

m+1 oo ^ 

= Y\(-^y^^Y\ \ I Sk.f,°'Pk^°9kd(nuO(p^)A---AdnitA---Adi7T(„+i),o(pf.)dt 

= Ef r 

f-f J At Jt={ 



m+1 



dk(.x)f{(Pk{x), t) ^(-1)'^' o ip^inu otpk) A--- AdftuA--- A d{n(^+i), o tpk) 



k=i ^'=° I" 

oo „ 

= ^ I ek{x)f{(pk{x), t) dim o ^) A • • • A d{nm+\ ° ifi). 
Thus 

OO 

(148) rx/ = 2«J- 

k=l 

where 



(149) 



(p[ : A^x If X X satisfies (p[ix, t) = i<Pkix), t) 
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and 6'i^ e L {Ak x /f,N) satisfies 6',^{x, t) - 6k{x). Observe that the images of these charts 
are disjoint and that 



(150) M(rx/,) = Yj^^'p'M) 



k=\ 

/ 1 rm+l 



(151) = z r i^^i^' 

(152) = I^*!^" 

oo 

(153) = J] eM(^M[0*]) = eM(r). 



A:=I 



The continuity of T x now follows because all integer rectifiable currents defined by 
parametrizations are currents. 

Observe also that if A c X and (aj , 02) c / then 



(154) ||rx/,||(Ax(fli,fl2)) = M((rx/,)L(Ax(fli,fl2))) 

00 

(155) = 2M((^;,[0;])L(Ax(fl,,fl2))) 

A=l 

(156) = y le^ir'^' 

l^^l J{AnAk)x{ai,a2) 

(157) = V(fl2-fli) Wkl-C" 

k^l JAnAt 

(158) = 2(fl2-fli)M(^MMLA) 

A=l 

(159) = (a2-fli)M(rLA) = (fl2-fli)l|r||(A). 



Thus iirx 7,11 = ||r||xxi 

To prove that T xl^is an integral current, we need only verify that the current d(T x 4) 
has finite mass. Applying the Chain Rule [jThm 3.5 and Lemma [378] (proven below), we 
have 



d(T X /,)(/, Ti, ...,tJ - m) X 4)(/,Ti, ...,T„) = 
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, Til, T,nl dt 



T \ ,Ti„ ...,fi„ ...,r,n, \ dt 



- fAP -)''-Z<-'r'r-(S./.- 

= r ^ ' + 1'- r ^(■^'' ^ • " '"") " 

= J" r^^,Tl,, ...,T„„j c/r + r^/,,Tl,, ...,T(,_l),, ^,T(,+1),, ...,r„„j c/f 

r 5 

Jo Of 

= T'C/e, Tu, ...,T,„^) - r(/o,Tlo, ■••,T,„o) 
= il/,#T(f,Tu-,T„) - lpiy#T{f,Ti, ...,T,„) 
= T Xdlif, Tu.-,T„,). 

Thus we have ( |145| l. 

Observe that T x dl is an integral current because it is the sum of push forwards of 
integral currents and that 

(160) M(r X 54) = 2M(r). 

Since we know products are rectifiable, (dT) x is rectifiable and has finite mass < 
eM.(dT). Thus applying ( 145 1 we see that 

(161) M(d(T X 4)) < M((dT) X 4) + M(r x dh) < eM(dT) + 2M(T). 

Thus the current structure of M x 4 is an integral current. 
Lastly we verify that 

(162) set(T X U = set(T) X I,. 

Given (p, t) e X x 4, then the following statements are equivalent: 

(163) (p,t) e set(TxI,). 

(164) < hminf . 

, \\TxIMBi,(r)x(t-r,t + r)) 

(165) < liminf ; . 

r • 2r||r||(B^(r)) 

(166) < liminf ^ ■ 

\\T\\{Bp(r)) 

(167) < liminf . 

r^O r'" 

(168) p e set(T). 

The proposition follows. □ 
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Lemma 3.8. Ifnu are Lipschitz in Zx I, and T € Im(Z) then for almost every t € I, 

(169) —T{na,,...,n„„) - T ^ttq,, ;r(,_i),, -^,7r(,+i)f, ...,;rmrj 

Proof. This follows from the multilinearity of T, the usual expansion of the difference 
quotient as a sum of difference quotients in which one term changes at a time, the fact the 
T is continuous with respect to pointwise convergence and that the difference quotients 
have pointwise limits for almost every t e I because the tt, are Lipschitz in t. □ 

Proposition added in August 2012: 

The following proposition will be applied later when studying limits under intrinsic flat 
and Gromov-Hausdorff convergence. 

Proposition 3.9. Suppose are integral current spaces and e > 0, then 

(170) t/GH(Mf X h, M™ X /,) < dcHiM'l\ M™), 
and 

(171) driM"^ X M'^ X 4) < (2 + e)dr{M'l\ M™). 

Proof. Since the intrinsic flat distance is achieved, there exists a metric space Z and iso- 
metric embeddings i/j, : M,- — > Z, and integral currents A, Z? on Z such that 

(172) ^p\#Mi - ipz#M2 ^A + dB 
and 

(173) driM'^, M™) = (M(A) + M(B)). 

Setting Z' - Z x endowed with the product metric, we have isometric embeddings 

(/)", : Mi X ^ Z' and we have integral currents A' - Ax and B' - Bx 1^ such that 

(174) v'wiMi X h) - ip'2#{M2 X h) = (<^'i#Mi) X 4 - (^2*^2) x /, 

(175) = (^;#M,)-^2#M2)x4 

(176) = {A + dB)xh 

(177) = AxI, + d(BxI,)- Bx(dh). 



Thus by Proposition 3.7 and ( 160 1 we have 

(178) djr(MT X h, M"^' X h) < M(A x /,) + M(B x I,) + M(B x (dh)) 

(179) < eM(A) + eM(B) + 2M(B) 

(180) < (2 + e)M(A) + (2 + e)M(B) 

(181) = 3dr(M'l',M^). 

To see the Gromov-Hausdorff estimate, one needs only observe that whenever Yi c T^iYz) c 
Z, then 

(182) YiXl,cT,.{Y2Xl,)cZxI,. 



□ 
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3.3. Slices and Spheres. While balls are a very natural object in metric spaces, a more 
important notion in integral current spaces is that of a slice. The following proposition 



follows immediately from the Ambrosio-Kirchheim Slicing Theorem (c.f. Theorem 2.23 
and Remark [2. 25 | i: 

Proposition 3.10. Given an m dimensional integral current space M — {X, d, T) and Lip- 
schitz functions F : X — > R* where k < m, then for almost every t e R'^, we can define an 
m — k dimensional integral current space called the slice of (X, d, T): 

(183) Slice(M, F, t) = SHce(F, t) = (set < T, F, t >, d, < T, F, t >) 

where < T,F,t >—< T,Fi, F^, f i , fjt > is an integral current on X defined using the 
Ambrosio-Kirchheim Slicing Theorem and set < T, F, t >C F"'(t). We can integrate the 
masses of slices to obtain lower bounds of the mass of the original space: 

(184) M(Slice(M, F, t)) < Ff Lip(F;) M{T). 

JteVJ' 

and d Slice(M, F,t) ^ {-\f SUce(5M, F, t). 

Proof. This proposition follows immediately from the Ambrosio-Kirchheim Slicing The- 
orem 5.6 using the fact that F has a unique extension to X and Defn 2.5. The last part 
follows from Lemma 5.8. □ 



Example 3.11. In Example \3.3\ where dT — % we see that taking F : X ^ M. to be the 

distance function from p the slice Shce(M, /, s) — dS(p,s) is an integral current space 
only when s + njl. 

Lemma 3.12. Given an m dimensional integral current space {X, d, T) and a point p then 
for almost every r € R, we can define an m — \ dimensional integral current space called 
the sphere about p of radius r: 

(185) Sphere(p, r) = SUce(pp, r) 

On a Riemannian manifold with boundary. 



(186) 



Sphere(p, r){f,nu-n„-\) = I f dni A ■ ■ ■ A dn„,-i 



is an integral current space for all r e R. 

Proof. This follows from Proposition |3.1Q| and the Ambrosio Kirchheim Slicing Theorem 
(c.f. Theorem 2.23 and the fact that Lip(pp) = 1. The Riemannian part follows from 
Stoke's Theorem and the fact that spheres of all radii in Riemannian manifolds have finite 
volume as can be seen either by applying the Ricatti equation or Jacobi fields. □ 



Observe the distinction between the sphere and the boundary of a ball in Lemma 3.12 



when M has boundary. Next we examine the setting when we do not hit the boundary: 
Lemma 3.13. When set(c?T) n B(p, R) c X is empty then 
(187) Spheve(p,R) ^ dS(p,R). 

Furthermore, 



f 

Jo 



(188) M(dS {p,r)) dZir) <M{S {p,R)). 



PROPERTIES OF THE INTRINSIC FLAT DISTANCE 



25 



In particular, on an open Riemannian manifold, for any p e M, there is a sufficiently small 
R > such that this lemma holds. On a Riemannian manifold without boundary, these 
hold for all R > 0. 



Proof This follows from Proposition 3.10 and Theorem 2.23 



Lemma 3.14. Given an m dimensional integral current space {X, d, T) and a p : X ^ M. 
a Lipschitz function with Lip(p) < 1 then for almost every r e R, we can define an m - 1 
dimensional integral current space, Slice(p, r) where 

M (Slice(p, r)) d£ (r) < M (T) . 

oo 

On a Riemannian manifold with boundary 

(190) Slice(p,r)(/,7ri,...;r,„_i) = I f dn^ ^ ■ ■ ■ ^ dn^-x 

Jp-Hr) 

is defined for all r e R. 

Proof This follows from Proposition |TlO] and Theorem |2!23j □ 

Lemma 3.15. Given an m dimensional integral current space (X, d, T) and a p : X R'^ 
have Lip(p,) < 1 then for almost every r € R*, we can define an m - k dimensional integral 
current space, Slice(p, r) where 

(191) f M(Slice(p,r)) d£(r) <M(T). 



Proof This follows from Proposition 3.10 and Theorem 2.23 



Remark 3.16. On a Riemannian manifold with boundary 

(192) Slice(p, r){f, TTu. .. 7T,„-i) ^ I f dni A ■ ■ ■ A d7T,„-i 

Jp-Hf) 

is defined for all r e R such that Pp^(r) is m - I dimensional. By the above lemma this 
will be true for almost every r. Note, however, that ifpi are distance functions from poorly 
chosen points, the slice may be the space for almost every r because Pp^(r) — 0. This 
occurs for example on the standard three dimensional sphere if we take p\,p2 to be distance 
functions from opposite poles. 

3.4. Filling Volumes of Spheres and Slices. The following lemmas were applied without 
proof in ||19| . We may now easily prove them. 

Lemma 3.17. Given an integral current space, M"' — (X, d, T), 

(193) M{S{p, r)) > ¥\\\No\{dS{p, r)) Vp e X. 
Thus p e X lies in X - set(T) iff 

(194) lim inf FillVol(55 (p, r))/r"' > 0. 

Proof. This follows immediately from the definition of filhng volume and the definition of 
set(T). □ 



26 



CHRISTINA SORMANI 



Lemma 3.18. Given an integral current space, M — (X, d, T). If Bp(r) n dM — then 

(195) M(S(p, r)) > FillVol(Sphere(/?,;;)). 
Thus if dM — 0, we know that p e X lies in X — set(T) iff 

(196) liminf FillVol(Sphere(p, r))/r'" > 0. 



Proof. This follows immediately from Lemma 3.13 and Lemma 3.17 

Theorem 4.1 of (T9\ can be stated as follows: 

Theorem 3.19 (Sormani-Wenger). Suppose M™ - {X, d, T) is a compact Riemannian 
manifold such that there exists ro > 0,k > such that B{p,kr^)) Pi dM — and every 
B(x, r) C B(p, ro) is contractible within B(x, kr) C B{p, ro) then 3Ck such that 

(197) Vol(B(x, r)) = \\T\\(B(x, r)\\ > FillVol(55 (p, r)) > Qr". 

This theorem essentially follows from a result of Greene-Petersen |7| combined with 



Lemma 3.18 The statement in |20| applies to a more general class of spaces and requires 



a much more subtle proof involving Lipschitz extensions. 

3.5. Sliced Filling Volumes of Balls. Spheres aren't the only slices whose filling volumes 
may be used to estimate the volumes of balls. We define the following new notions: 

Definition 3.20. Given an integral current space, M'" — (X,d,T) and Fi,F2, ■■■Fk : M — > 
R with k < m — \ are Lipschitz functions with Lipschtiz constant Lip(F^) - Aj then we 
define the sliced filling volume of dS(p, r) € I,„_i(X), to be 

(198) SFip,r,Fu:;Fk)= f FillVol(5Shce(5(p,r),F,f))-C*. 

JteA, 

where 



(199) Ar - [min Fi , max Fi ] X [min F2, maxF2] x ■ ■ ■ x [minFt,maxF<;] 

where mmFj - min{F(x) : x € Bp{r)] and max Fj = max{F(x) : x e Bp{r)}. Given 
qi, .■.,qk 6 M, we set, 

(200) SF{p,r,qi,:;qk) ^ SF(p, r,pi, ...,p^) where pi(x) ^dxiq^x). 

Lemma 3.21. Given an integral current space, M™ — (X, d, T) and F\,F2, ■■■Fk : M — > R 
with k < m — I are Lipschitz functions with Lipschitz constants, hip(Fj) — Aj > 0, then 

k 

(201) MiS{p,r))>Y]Aj'SF{p,r,Fu...,F,). 

j=i 

Thus p € X lies in X — set(T) ;/ 

(202) limM —SF(p,r,Fi,...,Fk)>0. 

r->0 
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Proof. By Proposition 3.10 we know 

(203) M{S{p,r)) > ]~[ij'M(5(/7,r)Lt/F) 

M 

k „ 

(204) > rf'*/' M(Slice(5(/7,r),F,0)i:* 

k „ 

(205) = n^y' M(Slice(S(p,r),F,t))£''. 

M 

The lemma then follows from k < m - 1 implies each slice is at least 1 dimensional and 
then applying (|9T} and the fact that d < S , F,t >- - < dS , F,t >. a 

3.6. Uniform SFt. 

Definition 3.22. Given an integral current space M'" and p e M™, then for almost every 
r, we can define the k''^ sliced filling, 

(206) SF tip, r) = sup{SF(;,, r,qu ...,qk) : qi e dB„(r)}. 

Tlieorem 3.23. IfM"' — (Xi, di, T,) are integral current spaces with a uniform upper bound 
on Vol(M,) < Vi) and diameter Diam(M,) < Dq, and a uniform lower bound on the k'^ 
sliced filling 

(207) SF<:(p, r) > C{r) > 

for all p e M,-, for all i and for almost every r G R, then a subsequence (Xj, di) converges 
in the Gromov-Hausdorff sense to a limit space (F, c/j-). 

Later we will prove that the subsequence converges in the intrinsic flat sense to the same 
limit space when C(r) > Cspr"' > 0. 

Proof For any p in any M,-, there exist qi, ...,qk such that 

(208) SF(/?, r,qu..., qk) > C(r)/2 > 0. 

So M{S(p, r)) > C(r)/2. Thus the number of disjoint balls of radius r in M,- is < 2Vo/C(r). 
So we may apply Gromov's Compactness Theorem. □ 

3.7. Filling Volumes of Dimensional Spaces. Before proceeding we need the following 
lemma: 

Lemma 3.24. Let M be an integral current space. Suppose S € Ii(M) such that dS + 0. 
Then set(5S) = {pi, ...,Pn) with N >2 and 

N 

(209) dS(f)^Yu'^ieif(pi) 

;=I 

where 9i € and |cr, | — 1 and 

(210) FillVol(55) > max I |6i,| min dxipi^pM > 

.i=l..N\ i^j I 

In particular 
(211) 

FillVol(55) > mf[dx(pi,Pj) ■■ ij e {1,2, ...,N}} > mf{d(x,y) : xi^y, x,ye set(5S)) > 0. 
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Proof. Recall that by Remark|234j dS satisfies where o-iOi = 0. So > 2 when 

dS 

Suppose M' - {Y,dY, T) is any one dimensional integral current space with a current 
preserving isometry (p : set((9M') — > set(5S) c X so that 

(212) (p#dT ^dS e MM) 

and dx((p(yi), (fi(y 2)) - dY(y\,y2)forallyi,y2 e set(T) c Y. In particular there exist distinct 
points 

(213) p'j = y^-Upj) e Y 
such that for any Lipschitz / : ? — > R we have 



(214) 



r(i,/) = 5(r)(/) = £](r,0,/(p;). 



By ( 12 1 we have 

(215) |r(i,/)|<Lip(/)M(r). 

Let fj(y) = miiii^ j dyiy, p'j). Then we have, Lip(/j) = 1, so 



(216) 

(217) 
(218) 



M(r) > 



^jfj(p'j) = Sjmin drip i, p'j) 
0jmindx{pi,Pj) 



Taking an infimum over all T, we have. 



(219) 



FillVol(55) > ejmmdx{pi,Pi). 



As this is true for all j - I..N, we have (210 1. Since fly e Z^, we have the simpler lower 
bound given in ( 2 1 1 1 . □ 



3.8. Masses of Balls from Distances. Here we provide a lower bound on the mass of a 
ball using a sliced filling volume and estimates on the filling volumes of dimensional 
currents. 

Theorem 3.25. Given an integral current space, M™ = {X, d, T) and points p\ , ...pm-i £ ^, 

then tlien ifBp{r) Pi set((9T) = we have for almost every r > 0, 

(220) 



M(S(p,r))>SF{p,r,pu.-,p,„-i)> 



h(p, r, t\, t„-\)dt\dt2...dt, 



m-I 



where Si — d(pi,po) and 

(221) h{p,r,tu-,tm-\) ^inf{d(x,y) : x + y, x,y e P(/?, r, fi, f,„_i)) 

when P(p, r, ti, fm_i) = Bp(r) fi p^'(fi) fi ■ ■ ■ fi Pp'^(f„_i) is a nonempty discrete set of 
points and otherwise. 

Thus peX\ C/(set(3T)) lies in X = set(T) ;/ 



(222) 



liminf(l/r'") 



Jti=si-r Jt,„- 



h{p,r,ti, ...,t„_x) dtidt2...dtm-\ > 



Theorem 3.25 is in fact a special case of the following theorem: 
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Theorem 3.26. Given an integral current space, M'" — (X,d,T) and Fi,F2, ■■■Fm-i ■ 
M — > R are Lipschitz functions with Lipschitz constants, Lip(Fj) = Aj, tlien for almost 
every r > 



k „ 

(223) M{S{p,r)) >Snp,r,Fy,...,Fk)>Y\A-.' h(p,r,F.t)d£'' 
where 

(224) h(p, r, F, t) = inf {^^(x, y) : xi^y, x,y e &et(d Slice(S(p, r), F, t))) > 
when d Slice(5 (p, r), F, t) e lo(^) \ {0) and h(p, r, F,t) — otherwise, and where 

(225) A,. - [min Fi , max Fi ] x [min f 2, max F2] x ■ ■ ■ x [min Fj., max F/i] 
with min Fj = mm{F j(x) : x e Bp(r)} and max Fj - max{Fj(x) : x e Bp(r)}. 

Before presenting the proof we give two important examples: 

Example 3.27. On Euclidean space, E'", taking Fi : E'" W to be a collection of perpen- 
dicular coordinate functions for i — l..m, Fi(xi, x„) — xi, we have Ai — 1 and 

(226) h(p, r, Fu F„^i,tu t,„-i) ^ 2 ^r^ - {t\ + ■ ■ ■ + f^ j). 
So 

(227) cj„r = M{S{p, r)) > SF(p, r, Fu-, F,) = u„y\ 

Example 3.28. On the standard sphere, S^, taking p\ € dBp{7T/2) and r = n/2 and 
Fi(x) — d(pi,x), then 

(228) h(p, 7r/2,Fi,t) = min{2f , 2(jt - t)} 

because the distances are shortest if one travels within the great circle, dBp{nl2). So 

(229) 2n = Vol(5^) = M(5(p,7r/2)) > SF(p,7r/2,Fi) 
with 

(230) S¥{p,nl2,Fx) = f h{p,n/2, F^t) dt 

Jo 

(231) = 2 2tdt^2{nl2f ^n^l2. 

Jo 



Proof Theorem 3.25 follows from Theorem 3.26 taking F{x) - {F\{x), F„-i(xy) where 



Fi(x) - Pp.(x). When B(p, r) f) setffY = 0, then for almost every r € R, fi € R, f„_i e 
d SHce(5 (p, r), F, f)) 6 lo{X) and 

(232) set(5Slice(S(p,r),F,t)) =Pp'(r)nFri(ti)n ■■■ nF^i_i(tm-i). 

so this set either has points or at least two points. 



Proof. Theorem 3.26 is proven by applying Lemma 3.21 to F and then computing the 
filling volume of the dimensional current, 5(Slice(5 {p, r), F, f)), using Lemma 3.24 stated 
and proven below. Observe that if f,- < s,-rorf, > s, + r then /i(/?, r, fi, f„,_i) = Obecause 
p-Ur)nppl(ti)^%. a 



Remark 3.29. Naturally we could combine Theorem \3.26\ with any other lower bound on 
the filling volumes ofO dimensional sets, like, for example, ( |27Qp . 
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3.9. Tetrahedral Property. Theorem [3.25 allows us to estimate the masses of balls using 
a tetrahedral property (see Figure[T]). 

Definition 3.30. Given C > and f3 e (0, 1), a metric space X is said to have the 
m dimensional C,f3-tetrahedral property at a point p for radius r if one can find points 
Pi, ...pm-i c dBp(r) c X, such that 

(233) h(p,r,tu:.,tm-x)>Cr ^{tu ...,tm-x) ^ [{I - PYA^ + PYT 
where 

(234) h(p,r,ti,...,t„-x) ^mf{d(x,y) : x + y, x,y e P(p,r,tu -Jm-i)} 
when 

(235) P{p, r, tu..., f„,-i) = p-pHr) f\ p-]{ti) n ■ ■ ■ Hp^J, ,(f„,_i) 

is nonempty and otherwise. In particular P(p, r, ti, f,„_i) is a discrete set of points. 

Example 3.31. On Euclidean space, E?, taking p\,p2 ^ dB{p, r) to such that d(p\ , p2) — r, 
then there exists exactly two points x,y & P(p, r, r, r) each forming a tetrahedron with 
P->PiyP2- See Figure^ As we vary fi, f2 G (r/2, 3r/2), we still have exactly two points in 
P(p, r, f I , f2). By scaling we see that 

(236) h{p,r,tut2) = rh{p, l,ti/r,t2/r) > CE^r 
where 

(237) C& = mf{h(p, l,suS2) : si e (1/2,3/2)) > 

could be computed explicitly. So satisfies the Cgs, (1/2) tetrahedral property at p for all 
r. 

Example 3.32. On a torus, M\ — 5 ' x5 ' x5 \ where S ^ has been scaled to have diameter e 
instead ofn, we see that satisfies the Ce^ , ( 1 /2) tetrahedral property at p for all r < el A. 
By taking r < el A, we guarantee that the shortest paths between x and y stay within the 
ball B(p, r) allowing us to use the Euclidean estimates. If r is too large, P(p, r, t\, ti) — 0. 

Remark 3.33. On a Riemannian manifold or an integral current space, we know that 
Pip, r, ti, tm-i) is the set of a current which is a boundary. So if it is not empty, it has 
at least two points, one with positive weight and one with negative weight. 

Remark 3.34. It is not just a simple application of the triangle inequality to proceed from 
knowing h(p,r,r,...,r) > Cr to having h(p,r,ti, ...,t,„-i) > C2?". There is the possibility 
that P{p,r,t\, ...,t„,-i) is empty or has a closest pair of points both near a single point 
of C(p,r,r, ...,r) even in a Riemannian manifold. However one expects the same type 
of curvature conditions that would lead to control of h(p, r, r) could be used to study 
h{p,ti,:;t,„_i). 

Remark 3.35. On a manifold with sectional curvature bounded below, one should have the 
C, 1/2 tetrahedral property at any point p as long as r < injrad(p)l4 where C depends on 
the lower sectional curvature bound. This should be provable using the Toponogov Com- 
parison Theorem. One would like to replace the condition on injectivity radius with radius 
depending upon a lower bound on volume. Work in this direction is under preparation 
by the author's doctoral students. Note that there is no uniform tetrahedral property on 
manifolds with positive scalar curvature even when the volume of the balls are uniformly 



bounded below by that of Euclidean balls [Remark 4.32]. With lower bounds on Ricci 



curvature one might expect to have the C, 1 /2 tetrahedral property or an integral version 
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of this property. Again a uniform lower bound on volume will be necessary as seen in the 
torus example above. 

3.10. Integral Tetrahedral Property. For our applications we need only the following 
property which is clearly holds at any point with the tetrahedral property: 

Definition 3.36. Given C > and p € (0, 1), a metric space X is said to have the m 
dimensional integral Cfi-tetrahedral property at a point p for radius r if one can find 
points pi, ...pm-i c dBp(r) c X, such that 

(238) ■■■ hip,r,tu...t,n-i))dtidt2...dt„,^i>Ci2/3)"'-^r"'. 

Proposition 3.37. IfX is a metric space that satisfies the C/3 tetrahedral property at p for 
radius r then it has the C/3 integral tetrahedral property. 

Proof. 



I ■■■I h(p,r,ti,...t„-i) dtidt2...dt„-i > 

Jt,=(\-fi)r Jf,„_i=(I-/J)/- 

WI+/3)r n(l+/3)r 

> I ■■■ I CRdtidt2...dt„,-i 

m-l 



CR ((1 +P)r-il -/3)r)" 



3.11. Tetraliedral Property and Masses of Balls. 

Theorem 3.38. // (X, d, T) is an integral current space and X has the m dimensional ( in- 
tegral) C,l3-tetrahedral property at a point p for radius r such that Bp(r) fi set5T = 
then 

(239) M{S(p, r)) > SF„,_i(p, r) > C(2/3)'"-'r"' 



Proof. By Theorem 3. 25 1 with i,- = r we have 



> 


SF(p,r,pi,.. 


,Pm-\) 








> 


r -i 


h(P(r,tu-t,„-i))dt\dt2...dtm 






n-l=Sm-l-r 


> 


S¥{p,r,pi,.. 


,Pm-l) 




r-lr r-lr 




> 




h{P{r,tu...t,„-i))dt\dt2...dt,„-l 




Jl,=0 Jr„,_i 


=0 




/-(!+«'■ 


n{l+l3)r 


> 




1 h{p, rJi, ...t^^i)) dtidt2 




J(i=(l -/?)/- 


i(,„-i=(I-/S)r 


> 


C(2f5y"-W'" 





'm-I 



Theorem 3.39. If po lies in a Riemannian manifold with boundary and Bp^{r) n dM — 0, 
that has the m dimensional (integral) C,(3-tetrahedral property at a point p for radius R 
such that Bp(r) n set5T = then 

(240) Vol(fi(p, r)) > C(2/3y"- ' 



Proof. This is an immediate consequence of Theorem 3.38 
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Remark 3.40. In Example 3.32 e — > 0, the Vol(B(p, r)) < Vol(M;^) — > 0, so we could 



not have a unifonn tetrahedral property on these spaces. 

Theorem 3.41. Given ro > 0,/? e (0, 1), C > 0, Vo > 0. If a sequence of compact Rie- 
mannian manifolds, M™, has Vol(M'") < Vq, Diam(M'") < Do, and the C,/3 (integral) 
tetrahedral property for all balls of radius < ro, then a subsequence converges in the 
Gromov-Hausdorff sense. In particular they have a uniform upper bound on diameter 
depending only on these constants. 

The proof of this theorem strongly requires that the manifold have no boundary. 

Proof. This follows immediately from Theorem [339] and Gromov's Compactness Theo- 
rem, using the fact that we can bound the number of disjoint balls of radius e > in M™. 
In a manifold, this provides an upper bound on the diameter of M"', □ 

Later we will apply the following theorem to prove that the Gromov-Hausdorff limit 
is in fact an Intrinsic Flat limit and thus is countably "H"' rectifiable [Theorem 4.311 . As 



it does not require a uniform tetrahedral property, it will also be applied in other settings 
where one has no Gromov-Hausdorff limit [Theorem ??] TODO. 

Theorem 3.42. Given an integral current space {X, d, T) and a point po € X \ CZ(set(c?T) 
then pq e X — set(T) if there exists a pair of constants /3 e (0,1) and C > such that X 
has the tetrahedral property at pofor all sufficiently small r > 0. 



Proof. By Theorem 3.38 we have 



\\T\\(B„(r)) 

(241) liminf ^ > C(2fi)'"-^ > 

/•->o r'" 

so p e set(T). □ 

3.12. Finings, SUces and Intervals. Section added in August 2012. Needs a second 
check. 

In the above sections, a key step consisted of estimating M(M) > FillVol(5M). This is 
only a worthwhile estimate when dM i^Q or has a filling volume close to the mass. 

A better estimate can be obtained using the following trick. Given a Riemannian mani- 
fold M, 

(242) Vol(M) = Vol(M x /) > FillVol(5(M x /)) 



where the metric on M X / is defined in (140 1. This has the advantage that M x / is always a 



manifold with boundary. It may also be worthwhile to use an interval, , of length e, then 

(243) Vol(M) . > ™(c^(Mx/.)) 

e e 
Intuitively it would seem that taking e — > we converge to an equality. 

We introduce the following notion made rigorous on arbitrary integral current spaces 



M = (X, dx, T) by applying Definition 3.5 and Proposition ??. 
Definition 3.43. Given any e > Q, we define the e interval filling volume, 

(244) IFV^(M) = FillVol(5(M x I J). 
Lemma 3.44. Given an integral current space M — (X, d, T), 

(245) M(M) = e"'M(M x /,) > e"'lVF,(M). 



Proof. This follows immediately from Proposition 3.7 
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Definition 3.45. Given an integral current space, M"' — (X, d, T) and Fi , F2, ■■■Fk '■ M — > 
R with k < m are Lipschitz functions with Lipschtiz constant hip(Fj) — Aj then for all e > 
we can define the e sliced interval filling volume ofdS{p, r) e I,„_i(X) to be 

k „ 

(246) SW,(p, r, , Fi) = n e"' | FillVol(5(Slice(5 (p, r), F, t) x /,)) 
where 

(247) Ar - [minFi,maxFi] x [minF2, maxF2] x ■ ■ ■ x [mmFit,maxFic 

where minFj = min{F(x) : x 6 Bp(r)} and max Fj = max{F{x) : x e Bp(r)}. When the Fi 
are distance functions pp. we write, 

(248) SW,(p,r,pi,...,pt) := W,(p,r,pp_, ...,pp^). 

Proposition 3.46. Given an integral current space, M'" — {X,d,T) and Fi,F2, ■■■Fk : 
M — > R with k < m are Lipschitz functions with Lipschtiz constant Lip(Fj) = Aj then for 
all e > we can bound the mass of a ball in M as follows: 

k 

(249) M{S{p,r)) > W^'j' e-'W,{p,r,Fu -^Fk). 

i=i 

Thus for any pi, ...pt G X, we have 

(250) M{S(p,r)) > e-'SW,(p,r,pi,...,pk). 
Proof By Proposition 3.10| Lemma 3.44 and Remark ?? we have 



(251) M(S(p,r)) > Y\^]^^(S{p,r)^dF) 

j=i 

k „ 

(252) > rf'^y' M(Slice(5(p,r),F,0)i:* 

J test 
k „ 

(253) = V\^i' \ M{S\xct{S{p,r),F,t))J:^ 

j=\ ^'-^ 
k „ 

(254) > rf'^/'f ' FillVol(Slice(5(/?,r),F,f)x/,)X'^ 

j=l ^'^^ 

Corollary 3.47. Thus p e X lies in X = set(T) iff there exists e > such that 

(255) lim inf — f FillVol(5(Slice(5 (p,r), F, t) x 4)) > 0. 

Corollary 3.48. Also p e X lies in X = set(T) iff there exists C > such that 

(256) lim inf f FillVol(5(Slice(5 (;>, r), f, f) x /c,))i;* > 0. 
Corollary 3.49. 

k „ 

(257) M(M) > n /ly' e"' FillVol(5(Slice(M, F, t) x /,)) 
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3.13. Geodesies. I have two subsections on geodesies that need to be texed and inserted 
here. 

4. Convergence 

In this section we examine the properties of sequences of integral current spaces and 
Riemannian manifolds which converge in the intrinsic flat sense to an integral current 
space. Recall Theorem |2.40| 

f 

Definition 4.1. If M-, - (Xi,di,Ti) — > - (X^,doo,Toc), then we say x; G X,- are a 

converging sequence that converge to x^o £ '/ there exists a complete metric space Z 

r 

and isometric embeddings ifii : M; ^ Z such that ipmTi — > <Pc<,#Tcx, and <Pi(xi) — > <pcx,(xcx,)- 
If we say collection of points, {pi,i,p2,i, ■■■Pk,i}, converges to a corresponding collection of 
points, {;'i,co,/?2,oo,-./?/t.oo), iffiiPjj) 'Pc^iPj,co)for j = 1..^. 

Here we prove every point x e X^o has a sequence x, e X, converging to x in this sense 
[Theorem |4.3| . We then discuss uniqueness of limit points and Bolzano-Weierstrass The- 
orems which are similar to corresponding theorems in the setting of Gromov-Hausdorff" 
convergence. Unlike in Gromov-Hausdorff' convergence we have the possibility of disap- 
pearing sequences of points: 

f 

Definition 4.2. If Mi - (Xi,di,Ti) — > M^, - (Xac,dca,Tac), then we say x, e X, are 
Cauchy if there exists a complete metric space Z and isometric embeddings tpi : Mj ^ Z 

such that ipi#Tj — » iPca#Toa and (fiiixj) — > z^o e Z. We say the sequence is disappearing if 

Zoo i ifooiX^). 

Examples with disappearing splines from EOl demonstrate that there exist Cauchy se- 
quences with no limit. 

GH 

If {Xj, di) — > (F, c/y), then one can see that every point y e Y has a sequence jc, e X 



converging to it which is Cauchy in the sense of Definition 4.2 Then Y - if every one 
of those Cauchy sequences converges. To prove the Cauchy sequence converges we must 
show 

(258) Zoo G set((/Poo#)(Too)) 
which happens iff 

(259) liminf M((^„#)(r„) L B(Zoo, r))/r"' > 0. 

In the prior subsections we gave many means for estimating these masses using filling 
volumes and sliced filling volumes. 

In 1 19 1, we stated without proof that balls converge. We provide the details of that 



proof here using the notion of converging and Cauchy sequences of points [Theorem 4.18 



We prove that slices of the spaces converge [Proposition 4.19| . We prove that the filling 



volumes and sliced filling volumes converge [Theorem|4.20|. These results are applied to 



prove when Cauchy sequences of points x, G Xj converge to a point x eX. 

We prove the intrinsic flat and Gromov-Hausdorff' limits of spaces with uniform tetra- 



hedral properties or uniform lower bounds, SFi(/?,r) > Csf-r"', agree [Theorems 4.31 
and [43Ul . 

We summarize consequences of continuity of these properties on certain classes of 
spaces and consequences of conjectures regarding intrinsic flat convergence. 
Mention Arz Asco theorems and also various continuity theorems. 
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4. 1 . Limit Points and Diameter Lower Semicontinuity. These easy theorems were added 
in August 2012 in response to questions. 
Recall Definition l?n 



Theorem 4.3. If a sequence of integral current spaces. Mi — (Xi, t/,-, T,) e Mq, converges 
to a integral current space, M — (X, d, T) e Mq, in the intrinsic fiat sense, then every point 
Z in the limit space M is the limit of points x,- e M,-. In fact there exists a sequence of maps 
Fi : X ^ Xi such that jc,- — Fi(x) converges to x and 

(260) lim di{Fi{x), Fi(y)) = d(x, y). 

This sequence of maps F, are not uniquely defined and are not even unique up to isom- 
etry. 



Proof. By Theorem 2.40 there exists a common metric space Z and isometric embeddings 
(fii : Xi ^ Z and (f : X Z such that 

(261) ip#T-ipi#Ti^Ui + dVi 

where m,- = M(t/,) + M(y,) — > 0. So (fi#Ti converges in the flat and the weak sense to 

Let pv be the distance function from tp (x). Applying the Ambrosio-Kirchheim Slicing 
Theorem we know 

(262) Si,,,, := ^i#T, Lp;' ([0, e)) e I,„ (Z) 

(263) T,„, <pi#T Lp;' ([0, e)) e I„ (Z) 

for almost every e > 0. Restricting ourselves to such an e e (0,1 /y), we have Si,e,x 
converges weakly to T,,,. In particular, there exists A^^ ^ £ N large enough that S i,,,x is not 
zero for all / > N,,,- So for all x e X and any /' e N 

(264) 3A^;;., s.t. 3si,j,x e set(Si) n B (x, 1 /j) Vi > Nj,^. 

Without loss of generality we assume Nj,x is increasing in j. For / e {1, .■■,Ni,x take ji - 1. 
Then for / e {A^;-i,.v + 1, A^;u) let ji - j. Thus / > A^^, Let 

(265) Xi^<pT'(si,j_). 

Then ipi(xi) e B(x, 1/ _/',■) and i^,(x,) — > (fix). 

Since this process can be completed for any x e X, we have defined maps Fi : X ^ Xi 
such that 

(266) <Pi(Fi(x)) ^ <p(x). 
Finally 

(267) di(Fi(x), Fi(y)) = dz(<fi(Fi(x)), <Pi(Fi(y))) ^ dz(<f(x), ip(y)) = d(x, y). 



Definition 4.4. Like any metric space, one can define the diameter of an integral current 
space, M — (X, d, T), to be 

(268) Diam(M) = sup{t/x(^,3') : x,y e X) e [0, co]) . 

However, we explicitly define the diameter of the integral current space to be 0. A space 
is bounded if the diameter is finite. 
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Theorem 4.5. Suppose Mi — » M are integral current spaces then 

(269) Diam(M) < lim inf Diam(M,) c [0, oo] 

Proof. Note that by the definition, Diam(M,) > 0, so the Hminf is always > 0. Thus the 
inequality is trivial when M is the space. Assuming M is not the space, we have for 
any e > 0, there exists x,y eX such that 

(270) Diam(M) < d{x, y) + e. 

By Theorem |4.3| we have Xi,yi e X, converging lo x,y & X so that 

(271) Diam(M) < lim di{xi,yi) + e< hm inf Diam(X,) + e. 



4.2. Flat convergence to Gromov-HausdorfF Convergence. In this subsection, we prove 
Theorem|4.6l 



Theorem 4.6. If a sequence of precompact integral current spaces. Mi — (Xi,di,Ti) e Al™, 
converges to a precompact integral current space, M — {X, d, T) e Mq, in the intrinsic fiat 
sense, then there exists S ,■ € I„, (x^ such that Ni = (set (Si) , di) converges to (x, d^ in the 
Gromov-Hausdorff sense and 

(272) Hm inf M{S ,) > M(M). 

When the Mi are Riemannian manifolds, the Ni can be taken to be settled completions of 
open submanifolds of Mi. 

Remark 4.7. If in addition it is assumed that lim/^oo M(M,) - M(M), then by \272\ we 
have M(set(Ti - S;), di, T; — Si) — 0. In the Riemannian setting, we have Vol(M,- \ A^,) 0. 

Remark 4.8. In Ilmanen 's example ||2DJ of a sphere with increasingly many splines, the 
S i may be chosen to be integration over the spherical part of Mi with balls around the 
tips removed. Then set(Si) are manifolds with boundary converging to the sphere in the 
Gromov-Hausdorff and intrinsic fiat sense. 

Remark 4.9. The precompactness of the limit integral current spaces is necessary in this 
theorem because a noncompact limit space can never be the Gromov-Hausdorff limit of 
precompact spaces, yet there are sequences of compact Riemannian manifolds, Mj, whose 
intrinsic flat limit is an unbounded complete Riemannian manifold offlnite volume \20][Ex 
A.IO] and another example of such spaces whose Intrinsic Flat limit is a bounded noncom- 
pact integral current space i20\ fEx A.ll]. 

Remark 4.10. Gromov's Compactness Theorem combined with Theorem \4.6\ implies that 
that any sequence of Xi e A^,- C M/ has a subsequence converging to a point x in the metric 
completion of M. Other points need not have limit points, as can be seen when the tips of 
thin splines disappear in the examples from \ 



We now prove Theorem 4.6 



Proof. By Theorem 2.40 there exists a common metric space Z and isometric embeddings 
ipi . Xi ^ Z and ip : X ^ Z such that 

(273) ip#T - ipi#Ti = Ui + dVi 

where m,- = M(f/,) + M(y,) — > 0. So (fi#Ti converges in the flat and the weak sense to 
>P#T. 



PROPERTIES OF THE INTRINSIC FLAT DISTANCE 



37 



Since M e Mq, iX) is precompact. Let p : Z — > R be the distance function from 
ip{X). 

By the Ambrosio-Kirchheim SHcing Theorem [Theorem 2.23| , we know that 

(274) 5,-,, := ipi#Ti Lp-' ([0, e)) € I„, (Z) 

for almost every e > 0. Fix any such e. 

Note that ip#T - (p#T Lp"'[0, e). So both (pi#iTi) and 5, -,5 converges weakly to (p#T for 
fixed e > 0. In particular, by lower semicontinuity of mass we have 

(275) Ve > 3M, e N such that M(5,>) > M(T) - e V/ > M,. 
By definition 

(276) set(Si,,) c T,((^(X)) c T2,(^(X)). 

To prove the Hausdorff" distance between S i^^: and X is small we will prove 

(277) ^(X)cr2,(set(Si,,)) V/ > A^,. 



To prove ( 277 1, we first note that for any x e X, we can let p^ be the distance function 
from ip (x), and applying the slicing theorem again we know 

(278) 5,-,,,, := Lp;i ([0, e)) e I,„ (Z) 

(279) r,,, ^,#r Lp;' ([O, e)) e I,„ (Z) 

for almost every e > 0. Restricting ourselves to such an e > 0, we have ^ converges 
weakly to ^ In particular, there exists A^^ ^ £ N large enough that S i^^^x is not zero for all 
i > Ne,x- So for all X G X and almost every e > 

(280) 3A^,,^- i.f. 3i,;,,^- € set(Si) n B (x, e) Vi > N,,x- 

Note that for all e > and all ;c e X we have ( |280| l. 

By the precompactness of X, there is a finite e net, X^ - {x\, ...x^] on (f{X) (i.e. the 
union of B(x,, e) contains X^) and choosing A^^ - max{A^e_v, : Xj e X^], we know every 
X eX, there exists e X^ such that for all / > A^^ there exists 

(281) Sx := i/,e,.v^. e set(Si,f) s.t. dz(Sx,^(x)) < 2e 

so we have proven ( 277 1. Combining this with ( |276 1 we have the Hausdorff distance 

(282) 4 (set (Si,,) , if (X)) < 2e V/ > A^,. 

We may choose A^, > of \215) . 

Let ek ^ be a decreasing sequence of e for which all these currents are defined. Let 
Nk := Ne,- Let 

(283) S i = Ti e I„, (X,) for / = 1 to A^i 

(284) 
and so on: 

(285) S i = ^7^5 G I„ (X,) for / = Nj+l to A^,+, 
Then by ( 282 1 we have Gromov-Hausdorfi^ convergence: 

(286) 4H(set(Si),^(X))<2e;. 

M(Sd>M(T)-ei 



Si = ifiJSu, G I,„ (X,) for / = A^i + 1 to N2 



By (275 1 we also have 
(287) 

which gives us ( 273| l. 
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Remark 4.11. One could construct a common metric space Z for Examples A. 10 and A. 11 
of II20I and find S as in the above proof satisfying {276\. However, in that example, { 27 7\ 
will fail to hold. This is where the precompactness of the limit space is essential in the 
proof. 



Remark 4.12. Examples in 1201 demonstrate that the metric space of a current space need 
not be a length space. In general, when a sequence of Riemannian manifolds converges 
in the flat sense to a current space it need not be a geodesic length space. Here we see 
that if the set(Si) are length spaces or approximately length spaces, then the limit current 
space is in fact a length space. This occurs for example in Ilmanen's example of f20'|. It 
also occurs whenever the Gromov-Hausdorff limits and flat limits of length spaces agree 
which we will examine further below. It might be interesting to develop a notion of an 
approximate length space that suffices to give a geodesic limit space. What properties 
must hold on Mi to guarantee that their limit is a geodesic length space? 



Remark 4.13. It is not immediately clear whether the integral current spaces, Ni, con- 
structed in the proof of Theorem \4. 6\ actually converge in the intrinsic fiat sense to M. One 
expects an extra assumption on total mass would be needed to interchange between fiat 
and weak convergence, but even so it is not completely clear One would need to uniformly 
control the masses ofdNi using a common upper bound on M(A^) which can be done using 
theorems in Section 5 of OJ, but is highly technical. It is worth investigating. 

4.3. Limits of Slices and Balls. Here we prove that well chosen slices and balls about 
converging points converge. 

Proposition 4.14. Given an integral current space, M — (X, d, T) and Lipschitz functions, 
p : X — > R and f : X ^ R such that 

(288) \f(x) - pp(x)\ <6 SxeX, 
then for almost every r e R 

(289) t/r(Slice(M,p, r), Slice(M, /, r)) < \\T\\(p-Hr -6,r + 6)) + \\dT\\(p-\r -6,r + 6)). 
Proof. First observe that by the definition of intrinsic flat distance, 

driSphsisip, r), SUce(M, /, r)) < dfi< T,p, r>,<T,f,r>) < M(B) + M(A) 

where 

(290) B = T^p-\-oo,r]) - T^f-\-oo,r]) 

(291) A = (dT)^f-\-oo,r] - {dT)^p-\-oo,r]. 

Next note that for any pair of sets U,V c X, 

(292) M(r L f/ - r L y) = m(t l {^u -xv)) = M(r l (u \ v)) + M(r l (v \ u)) 

and the same holds for dT. Since 

(293) p'\-^,r]\f-^(-oo,r] c p-\r-6,r + 6) 
and 

(294) f'\-oo,r] \p'\-^,r] C p-\r-S,r + d) 
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we have 

(295) 

(296) 



M(B) < M{T\_{p-\r-6,r + 6)) 
M(A) < MidT^(p-^ir-6,r + 6)). 



Proposition 4.15. Given two integral current spaces, Mi — {Xi,di, Tj), and isometric em- 
beddings ifii : Xi — > Z, and points p; e Xi, then 

(297) dr(S(pur),S(p2,r)) < df{ipi#Tuf2#T2) 

(298) +117211 {p;,l(r -6,r + 6)) + \\dT2\\ [p^lir -5,r + 5)) 
where 6 — dz(ipi(pi), 'P2(P2))- More generally, if we have points Zi G Z then 

(299) dl(ipi# Slice(Mi,p,, o ^i, r)^2#(SUce(M2,p,,, o ^2, r) < 
(300) 

< df{<fi#Ti,<p2#T2) + \\T2\\ {^2'pzlir -6,r + 6)) + \\dT2\\ (^2 V:/('- -5,r + 6)). 
where 6 - dzizx , 12)- 

Proof. By ( 66 1, if F : Z ^ is Lipschitz, then for almost every f e R*, 

(301) <ip#T,F,t>^(p#<T,Foip,t> . 
By ( [57] i, we know that, if 

(302) < (pi#Ti,F,t > - < (p2#T2,F,t > = <dB,F,t> + <A,F,t> 

(303) = (-l)''d<B,F,t> + <A,F,t> 
Combining these two facts, we have 

df(<pw<Ti,Fo(pi,t>,(p2#<T2,Foif2,t>) < M{<B,F,t>) + M(<A,F,t>) 



Y]Lip(Fj)(M(B)+M(A)) 



k 



]~[Lip(F^)(fl'r(Mi,M2)). 



Now we apply this to the function F{z} - p,-, (z). Then setting / = p-, o 1^2 we have 
(304) 4(< TuPz, oipi,t>,<T2,f,t>) < dr(MuM2). 

By the triangle inequality on Z, the function / : X2 — > R satisfies (2881 for M = M2 and 
P - Pzi ° f2- Thus we have ( 289| l. Combining this with (304i gives (299i. 

Finally (299 1 implies (297 1 by taking Zi - tfiiipd and noting that p- o y?,- - pp.. □ 

Lemma 4.16. Given an integral current space, {X,d, T), and any Lipschitz function, f : 
X ^ M, we have 



(305) 



lim\\T\\{f-Hr-6,r + S))^0 



Proof. In fact, given any bounded Borel measure /i on a complete metric space Z such that 
fi{Z) < 00 and any Lipschitz function / : Z — > R, we have for almost every r € R: 



(306) 



limiu{f-'(r-6,r + S)) = 0. 



Assume not. Then there exists A c R, such that -C (A) > where (306i fails. Since A is 
the countable union of sets A^. where the limit in (306 1 is greater than 1/k, we know there 
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exists k such that X}(Ak). Let - 2kfi{Z), then there exists ri < r2 < • • • < r^v all in 
and 6j > such that 



(307) Kr^ir -6,r + 6))>l/k V6 < 6j. 

Then taking 6'. < di such that the intervals (r , - 6'., r , + 5') are disjoint, we have 

N 

(308) MZ) > ^A'(.r'(0-^^'0 + '5-)) 

7=1 

N 

(309) > Y^l|k)^N{\|k)^2^i{Z) 

which is a contradiction. □ 

Proposition 4.17. Suppose we have a sequence of integral current spaces, M, — (X,, d,, T,) 
and isometric embeddings ipi : Xj — > Z, such that 

(310) Hm df((pi#Ti, (poc#Toc) - 
and points Zi e Z smc/z that Si — dzizi, Zm), then setting 

(311) 5 ,■ = Slice(M/, Pj.; o ^j,-, r) 
then for almost every r e R we /zave 

(312) 4(5;, 5») < 4(^,#r,-,^„#r„) 

(313) + ||r«||(/-i(r-5,-,r + (5,))+ ||5roo|| (r'^" - + <J/)) 
(314) 

where fix) — py^((pco(x)). If 6i 0, then for almost every r e R, 

(315) limdf(Si,Soo) ^0. 

In our applications this proposition will be applied to z, - ifiiipi) where p, € X, are 
converge (or are Cauchy) in which case p- (y?,(x)) - Pp^x). Thus, spheres 

(316) (iy^(Sphere(;?,, r), Sphere(poo, r)) for almost every r G R 

if /7, e X, converge to p^a € X^a- This convergence of spheres was applied without an 
explicit proof in [19|. The precise bound obtained here is needed to study limits of sliced 
filUng volumes. 

Proof. We know that for almost every r e R, the slices are well defined. First we may 
apply Proposition 1415] with M, - Mi and = M2. Note that 

(317) p,„ ((fix)) = pp^ (x) ^xeX^. 

The rest follows from Lemma 14.161 □ 

Proposition 4.18. Suppose we have a sequence of integral current spaces. Mi — (Xi, di, Ti) 
and isometric embeddings ifii : Xi — > Z, such that 

(318) 4((/j,#r,,^^#reo) = 

and points zi e Z such that di — dz(Zi,Zoo), then for almost every r € R the balls. Si — 
(Pi#Ti\_B(zi,r), satisfy 

(319) df(Si,S^) < 2dl{ipi#Ti,ip^#T^) 

(320) +\\TJ\[f-\r-6i,r + 6i)) 
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where f(x) — p^^((pcx,(x)). If 6i 0, then for almost every r e R, 

(321) lim4(5,-,5oo) = 0. 

In our applications this proposition will be applied to z, - (fiiipd where € X, are 
converge (or are Cauchy) in which case p^.((pi(x)) - PpXx)- Thus, balls 

(322) dyr(S (pi, r), S (pca, r)) — » for almost every r e R 

if Pi e Xj converge to pca e Xoo- This convergence of balls was applied without an explicit 
proof in |fT9l . 

Proof There exists integral currents A,, B,- in Z, such that 

(323) (pi#Ti - (poc#Toc - Ai + dBi 
and 

(324) dliVi#Ti, ip^#T^) = M(A,) + M(B,). 

For almost every r, the restrictions of these spaces to balls, B(zi, r), are integral current 
spaces such that 

(325) (ipi#Ti-ip^#T^)^B(zi,r) = A; L B(z,-, r) + (5B,) L B(z,-, r) 

(326) = Ai L B{zi, r)+ < Bi,pi, r > +d(Bi L B(z,-, r)) 
Since 

(327) M(A/ L B(zi, r)+ < Bi,pi, r >) < M(A,) + M(B,), 

(328) M(B,LB(z,,r))<M(B,) 
and 

(329) M ((^oo#roo) L B(z;, r) - (p^#T^) L B(z„, r)) < ||<^^#r^||A««,„(r - 6i, r + 6i) 

we have our first claim. The rest follows from Lemma 14.161 □ 

Proposition 4.19. Suppose we have a sequence ofm dimensional integral current spaces, 
Mi — (Xi, di, Ti) and isometric embeddings <pi : X,- — » Z, such that 

(330) Urn df((pi#Ti, (p^#T^) = 

and points zjj e Z such that Sj^i - dzizj,i, Zj,oo) for j = l..k < m then 
(331) 

k 

df(ipi# Slice(M,-,p;, r), ipoc#(Slice(M^,p^, r) < df(ipi#Ti, (pc^#Tc^)+'^(aj(ri, rk)+bj(ru rj,)) 
where 

' i 

(332) fl/ri,...,r,) = ||(Slice(r„,/i, ...,/,■, n, r,)|| Q (/;i(r - 5,,,,-, r + 5„,,)) 
and 

(333) ^•(r,,...,r,) = ||(Slice(5re<„/i, ...,/,-, n, r,)|| Q (/"'(r - 5„,,, r + ,5„,,)) 



Vn=I 



v;i=l 



where fi(x) — p,^i{if,x,ixy)- //'lim,_,oo Sjj — then for almost every r e R*^, 
(334) lim d^p{ipi# Slice(M,-,p;, r), (^oo#(Slice(M<x„poo, r) = 
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where pi : M, — > is defined by 

(335) pi{x) = (p.^^{ipi{x)),p-,,^{ipi{x)), ...,p,^ .((pi(x))). 

In our applications this proposition will be applied to zjj - tfiiipjj) where pjj e X, in 
which case p,^.{(fi{x)) = Ppj,{x). 

Proof. We will prove this by induction on k. The base step has been proven in Proposi- 
tion 4.17 By the induction hypothesis, for almost every r e R, we have a sequence of the 



integral current spaces A^, = Slice(M,,p,-, s) such that 

(336) df{<fii#Ni, (p^#N^) = dpj^k 
We introduce two new points Zk+ij e Z and set 

(337) 6k+ij - dz(Zk+\,i),Zk+i,ca)- 



Applying Proposition 4.17 we see that for almost every r^+i e R we have 

(338) df^m^+x) < dfj^k + flj+i + bii+\ 
The first inequality in the proposition follows from 

(339) Slice(N, pk+urk+\) = Slice(Slice(M,pi, ...,pi, n, ri),pi+i, r^+i) 

(340) = Slice(M,pi,...,p^+i,ri,...,rt+i). 

For almost every r e R'', the k''' slice of is an integral current space, so we may apply 
Lemma |4.16| to obtain the limit. □ 



4.4. Continuity of Sliced Filling Volumes. Recall that Theorem 2.46 implies the conti- 
nuity of filling volume in the following sense: 

(341) Mi M„ ^ FillVol(5M) FillVol(5M) 



In this section we combine Theorem |2.46| in combination with the convergence of slices 
proven in Proposition 4.17 and Proposition 4.19 An immediate consequence of these 
results is that the filling volumes of slices converge. In particular the filling volumes of 
spheres converge to the filling volumes spheres, as stated in |20|. Finally we prove the 
sliced filling volumes are continuous via an application of the Dominated Convergence 
Theorem of Real Analysis. 

Theorem 4.20. Suppose Mi — » M and Diam(M,) < Dq. If pi e M, converge to poc e Moo, 
and qjj e Mm converge to qj^oo G Moo for j — l--k then 

(342) \imS¥{pi,r,qi^i, ...qt^i) - SF(poc,r,qi^oc, -qk.oc). 

i—>co 

and thus 

(343) liminfSFi(/?,,r) > SFi(/?„,r). 

Before proving this theorem we first state and prove the following technical proposition: 

Proposition 4.21. Suppose we have a sequence ofm dimensional integral current spaces. 
Mi — (Xi, di, Ti) and isometric embeddings tpi : Xi — » Z, such that 

(344) 4(^,#ri,^<^#r„) = 
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and points zjj £ Z such that 6jj - dz(Zj,i,Zj,oo) for j — \..k for some k G {0, ..,m — 1) and 

Pi e Xi, such that 6i — dzifiipi), 'pip)), then for almost every f e 

(345) 

k 

|FillVol(5 Slice(M,-,p,-, f))-FillVol(5 Slice(M<^,p„, f))l < d^fimTi, v^#T^)+Yj.aj{t)+bj{t)) 



where aj, bj are defined in ( 332 \-{ 333 \ and pi is defined in ( 335 1. 7/'lim,_,oo = then for 
almost every r e R and r e R*, the filling volumes of slices converge, 

(346) lim FillVol(5 Slice(M„ p„ t)) = FillVol(5 Slice(M„ , p„ , f )) 
while the masses satisfy 

(347) liminf M(Slice(M/,p,-, f)) > M(Slice(Moo,pco, 0)- 



Furthermore, //'Diam(M,) < Dq f/zen 
(348) 

lim f FillVol(5Slice(M,-,p„f))i:* 

J/£[-R,R]' 

where 



= f 

Jfe[-R,R]' 



FillVol(<9 Slice(Moo,poo, 0) -C 



(349) 



7? = 2Do + sup{(5j_/ : / = L.oo, j - \ ..k] < 



Proof. Our first claim and the limits of the filling volumes of slices and the lower semi- 
continuity of the mass follows immediately from Proposition 4.19| combined with Theo- 
1 2.46 and Theorem |2.42| respectively. In fact, we have (345 i. Since 



rem 



f 



FillVol(5 Slice(Moo , p,, t)) X." < 



f 

J[-R,Rf 



M(Slice(M^,Pi,f))X* 



n-R.Rf 

< M(M«) 



r ajitK'' < f M(Slice(r„,p„,f))i:* 

J[-R,Rf J[-R,Rf 
J[-R,Rf 



[-R,Rf 

< M(Meo) 



(or < 



r M(Slice(5r„,p<^,0)X* 

Jl-R,Rf 



< M(5M„). 

Thus we may apply the Dominated Convergence Theorem of Real Analysis to obtain the 
limit of the integrals. □ 



We may now prove Theorem 4.20 



Proof. The convergence of the Sliced Filling Volumes with respect to converging points 
follows from Proposition 4.18 and Definition 3.20 and Theorem 4.21 stated and proven 
below. The lower semicontinuity of the k''' sliced filling then follows taking qjca close to 
achieving the supremum in the definition of SF^ipca, r) and qji — » qjco so that so that 

(350) Uminf SFj;(/?,-, r) > lim SF(/?;, r, qjj) - SF(/5„, r, qj^oc) - SFk(poc, r) - e 

and then taking e ^ 0. □ 

Remark 4.22. When Z is compact, take qjj close to achieving the supremum in the defini- 
tion ofSFiiipi, r) so that 

(35 1) Hm \SF k(pi, r) - SF(p,-, r, qjj)\ = 0. 
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By the compactness, a subsequence of the qp — > qj ca, so 

(352) lim SFkipi, r) - lim SF(/?;, r, qj^) - SF(p„, r, qj^^) < SF^(/?oo, r). 

4.5. Continuity of Interval Filling Volumes. Section added in August 2012 (needs a 
second check): 

Recall the definition of the interval filling volume of a manifold or integral current space 
in Definition [1431 

(353) IFV,,(M) = FillVol(5(M x 4)) < eM(M). 



This notion was particularly useful for M without boundary. In this section we prove the 



interval filling volume is continuous with respect intrinsic flat convergence [Theorem 4.23 



Taking more precise estimates we prove the sliced interval filling volumes are continuous 
as well [Theorem |4.24| . 

Theorem 4.23. Suppose we have m dimensional integral current spaces. Mi — (Xi,di, Tj), 

T 

such that Ml — > M^, then for any fixed e > 0, their interval filling volumes converge. 



(354) 



lim IFVe(Mi) = IVFe(Moo) 



Proof. By Proposition 



3.9 



applying Theorem|Z46j 



we see that M-, x 4 



Moo X /f. Thus we have continuity 

□ 



We now prove the continuity of the sliced interval filling volume defined in Defini- 
tion |335] 



Theorem 4.24. Suppose Mi — > M anc/ Diam(M,) < Dq. If pi e M,- converge to e M<x„ 
and qjj e Moo converge to qj^oo G M^^for j — l..k then for any fixed e > 0, 

(355) lim SW^(pi,r,qi^i,...qk^i) = §IF^(poo, '•,^1,00, ■■■?*,«)■ 



Proof. This theorem is a consequence of Proposition 4. 25| s tated and proven immediately 
below, combined with Proposition 4.18 and Definition 3.45 □ 



Proposition 4.25. Suppose we have a sequence ofm dimensional integral current spaces. 
Mi — (Xi, di, Ti) and isometric embeddings ipi : Xi Z, such that 

(356) Um df((pi#Ti, ip^#T^) - 

/— >oo 

and points Zj^i & Z such that dp — dz(Zjj,Zico) for j — L.kfor some e {0, ..,m — 1) and 
Pi e Xi, such that 6i — dzifiipi), fip)), then for any fixed e > and almost every f e 

k \ 



(357) |]DFV,(SUce(M,-,p,-,r))- 



^(Slice(Moo,poo,r))| < (2 + e) 



Di + +Yj^aj + bj) 



where aj, bj are defined in ( 332 i-( 333 i and p, is defined in ( 335 L /f lim;^co 6jj = then for 
almost every r e R and r e R*, the filling volumes of slices converge, 

(358) Hm IFV,(SHce(M;,p,-, f)) = IFV^(SHce(Moo,poo, ?))■ 

/— >oo 

Furthermore, i7Diam(M,) < Do then 



(359) 



lim 

/— >oo 



Jte[-R,Rf 



e(Slice(M,-,p,,f))r 



f 

Jte[-R,Rf 



IFV,(Slice(Moo,Poo,0)X* 
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where 
(360) 



R - 2Dq + sup{(5y,/ : / = L.oo, j - \..k) < 



Proof. Let D, = df{(fijftTi,(ficx,#Tcx,) so D, — > 0. By Proposition |4. 1 9| we have 

k 

(361) dr(Slice(Mi,pi, r), Slice(M„,po,, r)) < D; + ^(o; + bj). 



Next applying Proposition 3.9 we have 



(362) dr(Slice(Mi,pi, r) x h, S\ic&(M^,p^, r) x I J) < (2 + e) 



Di + +Yjaj + bj) 



By Theorem 2.46 we then have 

(363) |FillVol(5A?,) - FillVol(5A^„)| < driNi , N2). 



Taking A^, - Slice(M,,p,-, r) x 7^, we have (357i. which gives us (358i. We cannot just 
integrate and obtain a limit as in ( 359 1 because aj and bj are functions. So we observe that 

J\-i 



r IFV,(Slice(M<^,p,,f)) X* 

J{-R,Rf 

J\-R.Rf 



< \ M{S\ict{M^,pi,t))C 

[-R,Rf 

< M(M^) 



< \ M(S\xcc{T^,p^,t))r 
{-RM 

< M(M^) 



r bj{t)£} < r 

J[~R,Rf J{- 



< I M(Slice(5r<^,p„,f))X'^ 

-RM 

< M{dM^). 



Thus we may apply the Dominated Convergence Theorem of Real Analysis to obtain the 
limit of the integrals in ( 359 1. □ 

4.6. Existence of Limits of Points. Recall that given an integral current space {X,d, T), 
X - set{T) the collection of points of positive density and the metric completion X — 
spt(r), and any isometric embedding (f : X ^ Z maps X isometrically onto set(^#T) and 
extends to i/j : X — > Z which maps isometrically onto spt((^#r). A point z e spt(5) iff for 
every r > 0, T L B{p, r) + 0. 

Recall Definition [lilj of SFt(/?, r) and that SFo(/7, r) = FillVol(55 (p, r)). 

Proposition 4.26. If Mi are integral current spaces and djr(Mi, Mao) — > and p € Moo, 
then there exists pi € Mjand rp > such that pi converge to p and for any such converging 
sequence of p,. 



(364) 



M(5(/?,,r))>SF,(p,-,r)>C, >0 



for almost every r < rp. 

If Poo e Moo, then there exists pi e Miand rp > and Cp > such that pi converge to p 
and any such converging sequence has M(5(/7,', r)) > Cpr'' for all r < rp. 

Proof If p e Moo, the for all r > 0, Bp(r) n M ?t 0. So for almost every r > 0, S(p,r) ^ 
and SFi^(p,r) 0. Taking Zoo = fcaip), we know (poo#Too n B{Zoo,r) is a nonzero integral 
current and since (Pi#Ti converge to ifoo#Too in Z, we know that for almost every r > 0, 
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there exists A^, sufficiently large that 5, = ifmTi n B(Zoo, r) is a nonzero integral current. In 
particular there is a point 

(365) z/ e set((^i#Ti)nB(Zo<„r). 

Since (fi : Xj set((/3i#Ti) is an isometry, there exists /?,■ € X/, such that (fiiipd - Zi Zoa- 
By Theorem 4.20 we know 

(366) limSFt(p,-,r) = SF,(/,,r) 
and 

(367) liminf M(5(p,-, r)) > M{S(p, r)) 

which is nonzero when p e Mco and is > Cr"' when p - p^o ^ Maa- □ 

Theorem 4.27. Suppose M,- are integral current spaces of dimension m with Mi converge 
to Mca in the intrinsic flat sense and pi e M,- are Cauchy. If there is a uniform constant 
C > such that for some k e {0,1, ...,m — 1} we have 

(368) S (pi, r)^0 and SF k(B(pi, r)) > C, 
then Pi converge to a point p^o e Mca- If we have 

(369) SFk{B{pi,r))>CsFy^>Q, 
then Pi converge to a point p^o e Mca- 

Proof By the definition of a Cauchy sequences of points /?,- e M, we have the hypothesis 



of Theorem 4.20 with z,- - (piipi) and a point ; 



lim,_ 



Thus applying The orem | 4.20 to balls S (z, , r) which converge to S (z, r) for almost every 
r > as in Proposition 4. 18 we have 

(370) r FillVol(5 SHce(5 (Zoo, r),pca, 0) > C > 
By Lemma 3.21 we have 

(371) M(^oo#roo LB(z,r)) = M(5 (Zoo , r)) > C > 

and so ipi#Ti n B(zc<,,r) + 0. So Zco e spt(roo) - C/(set(Too)). So there exists pcc e Xco such 
that (ficcipco) - Zoo Thus /?,- have a limit point pcc e Mca- 

Once again applying Theorem 4.20 to balls S {Zi, r) which converge to S (z, r) as in 
Proposition 4.18 we have 

r FillVol(5Slice(5(Zco,r),p„,f))X* > Qfr'". 

Jfe[-R,R]' 



(372) 



By Lemma 3.21 we have 
(373) 



. ^ M(yoo#r^Lfi(z,r)) . ^ M(5(zoo,r)) ^ ^ 
lim inf = lim inf >Csf>0 



and so Zoo e set(^oo#Tco), and so there exists pco e such that (pco(pco) - Zco Thus pi have 
a limit point pc^ e M^o . □ 

Example 4.28. It is quite possible for a Cauchy sequence of points to have more than one 
limit as can be seen simply by taking the constant sequence of integral current spaces, S 
and noting that due to the isometrics, any point may be set up as the limit of a Cauchy 
sequence of points. One may also use isometrics of to relocate a Cauchy sequence so 
that the images are no longer Cauchy in Z. 
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I believe I can prove uniqueness up to isometry using techniques from ifTSll . 

4.7. Bolzano- Weierstrass Theorem. I need to tex up a Bolzano-Weierstrass Theorem 
which states that any sequence /:>,■ e M, where M, converge n the intrinsic flat sense to a 
compact integral current space Mt» where we assume lower filling estimates around p, have 
a subsequence converging to a point e Moo- I believe I can remove the compactness 
condition by assuming strong enough lower filling estimates so I have not texed this up yet. 

4.8. Arzela-Ascoli Theorems. 

Theorem 4.29. Suppose Mi — (Xi,di, Ti) are integral current spaces and Mi converge in 
the intrinsic flat sense to Moo and Fj : X, — > are Lipschitz maps into a compact metric 
space W with Lip(F,) < K, then a subsequence converges to a Lipschitz map F^a ■ Xoo — > 
W with Lip(Fco) < K. More specifically, there exists isometric embeddings ipi : X/ — > Z 
such that df((pi#Ti,(pcaTca) — » and for any sequence pi e Xi converging to p e Xoo (i-e. 
dzifiipd^focip)) 0, we have Hm;^oo Fi(pi) - F^cipoo)- 

Note that the corresponding Gromov-Hausdorff' Arzela-Ascoli Theorem allows the tar- 
get spaces to vary as long as they converge in the Gromov-Hausdorff" sense. See for exam- 
ple Grove-Petersen ifTTIl . Here we cannot allow the target space to vary and converge only 
in the intrinsic flat sense even if the domain is fixed as can be seen in examples where the 
intrinsic flat limits are no longer connected. 



Proof. By Theorem 2.40 we have ipi : Mi ^ Z such that df(ipi#Ti, ifiooToo) — » 0. Take any 
p e Xca- By Theorem FILLIN, there exists pi e Xi such that limi^oo (fiiipi) - (fiooipca)- 
Their images Fi(pi) e W have a subsequence which converges to some w e W. We set 
Fcaip) - w. Recall that integral current spaces are seperable. So we have a countable dense 
subset X() c Xca. So we may repeat this process creating subsequences of subsequences for 
a countable dense collection of p e Xq = X^x,. Diagonalizing, we have defined a function 
: Xi) c Xcx, — > K. 

Observe that for all p, q e Xqws have /:>, and ^, converging to them such that 

(374) dwiFoo(p),Foo(q)) = lim dw(Fi(pi),Fi(qi)) 

(375) < lim Kdx^{pi,qi) 

(376) < lim Kdz(<fii(pi),(Pi(qi)) 

(377) < Kdz(<poo(p),vo.(q)) 

(378) < Kdxjp,q). 

Thus we may extend f continuously to F^i '■ Xca W and Lip(Foo) < K. 

Now suppose we have an arbitrary sequence p, € X, such that dzi(piipi),(poaip)) — > 
then there exists qj e Xq converging to p^o e X with 

(379) dw(Fca(pca),Fc„(qj)) < KdxJ,Pca,qj) 

By the definition of Foa we have have qjj € X, with dziifiiiqjj), fcoiqj)) and 

(380) hm dwiFiiqjj), Fooiqj)) = 0. 
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Observe that 

(381) \imdw(Fi(pi),Fi(qjj)) < Mm KdxXPi,qj,d 

(382) < lim Kdz((pi(pi),tpi(qij)) 

(383) < Kdz(ipoo(pc<,),ifoo(qj)) 

(384) = KdxJpoa,qj) 
Combining these we have 

(3^5)\im dwiFi(pi),FUPc<,)) < lim dw(Fiipi),Fi(qjj)) 

(386) + Um dwiFiiqjj), Fcciqj)) + dw(Foo(poo), F^iqj)) 

(387) < K2dz((ficx>(poc),ipcx,(qj)) 

Taking y — > oo we have our claim. □ 

I believe I can prove an Arzela-AscoU Thoerem for uniformly bi-Lipschitz maps be- 
tween Mi and A^,- where M, and A^, converge in the Intrinsic Flat sense. I definitely can 
prove isometrics converge to isometrics but have not texed this as I work on this slightly 
harder theorem. 

4.9. Compactness Theorems Improved. 

Theorem 4.30. Given a sequence ofm dimensional integral current spaces Mi — (Xi, di, Ti) 
with M(M,) < Vq, M(5M,) < Aq, Diam(M,) < Dq and a uniform constant Csf > such 
that for some k € 0..(m - \) we have 

(388) SFt(/,, r)>CsFr™ 

then a subsequence of the Mi converge in the Gromov-Hausdorjf sense and tlie Intrinsic 
Flat sense to a nonzero integral current space Moo- 



Proof By Theorem 3.23 we know a subsequence {Xi,di) has a Gromov-Hausdorff limit 
(F, t/y). Thus by Gromov, there exists a common compact metric space Z and isometric 
embeddings ipi : Xi ^ Z, (p : Y ^ Z, such that dfj{(f{Xi), (p{Y)) — > 0. By Ambrosio- 
Kirchheim Compactness Theorem, a subsequence of <^i#r, converges to e Im(Z). Let 
Moo =(set(Tco),dz,Tco). 

We need only show (f{Y) - set(Too). Let Zoa e Y, and let p,- e X, such that z,- - (piipi) 
z. By Theorem 4.27 we see that Zoo - fipcx,)- □ 

Theorem 4.31. Given ro > 0,y6 e (0, 1), C > 0, Vo > 0, Aq > 0. If a sequence of compact 
Riemannian manifolds, M"', has Vol(M™) < Vq, Diam(M'") < Do and the CP (integral) 
tetrahedral property for all balls of radius < ro, then a subsequence converges in tlie 
Gromov-Hausdorjf and Intrinsic Flat sense to a nonzero integral current space. 

Here our manifolds do not have boundary. 

Proof. The C,/? (integral) tetrahedral property implies that there exists C^f > such that 

(389) SF„,_i(p,r)>C5^r"'. 

Theorem |3 .4 1 [ implies there exists a uniform upper bound on diameter. So we apply Theo- 
rem |430l □ 

Insert a corresponding compactness theorem for k - m-2. 
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Remark 4.32. As a consequence of this theorem, we see that there is no uniform tetra- 
hedral property on manifolds with positive scalar curvature even when the volume of the 
balls are uniformly bounded below by that of Euclidean balls. In fact there exist a sequence 
of such manifolds, M^j, whose intrinsic flat limit is described in |19|. 

4.10. Consequences of Continuity. Here we will itemize the consequence of the conti- 
nuity of SF^: and FillVol(5(/?, r)) on classes of spaces where intrinsic flat and Gromov- 
Hausdorff" limits of spaces agree including the classes in our compactness theorems given 
above and manifolds with nonnegative Ricci curvature and uniform lower bounds on vol- 
ume. 

There are also some nice consequences of knowing a sequence converges to a ball in 
Euclidean space or to a sphere or to a manifold that 1 will put here. 

4.11. Slicing to Specific Limits. In order to prove conjectures like those stated in ifTSl 
and lfT4l . one needs to prove a sequence of Riemannian manifolds has a specific intrinsic 
flat limit. In this section we will prove theorems which allow one to prove results about 
slices in order to achieve a specific hmit. 
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